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Abstract. The linear elastic theory of bending is used to derive the differential equation 

of the elastic curve of a bent beam. Solving this second-order differential equation 

requires two integration constants for each beam section between supports. The direct 

integration method, together with the Clebsch procedure, is used to obtain the elastic 

curve equation. This paper explains the physical meaning of these integration constants. 

Various loading positions and scenarios are considered for several overhanging elastic 

beams, and the shape of the elastic curve is presented for each case. The beam bending 

stiffness is kept of a constant value for a given cross-section and material of the beam, 

and we show its correlation with the integration constants. We apply the criterion of the 

ultimate bending strength (flexural strength) of steel for dimensioning beams. Thus, the 

characteristic dimension of the profile is determined according to the maximum value of 

the bending moment for each type of beam, considering the values and distribution of the 

load. In this context, the selected examples have the same cross-section profiles but 

different stiffnesses, as each is dimensioned individually according to the changing 

loading values and distribution. We also consider overhanging beams, and how the 

deflection orientation correlates with the integration constants, which depend on the 

position and magnitude of the load. Our findings show that even slight changes in the 

magnitude of concentrated forces can significantly affect deflection behaviour. This 

effect, referred to as "dog's tail movement," was especially noticeable at the free ends of 

overhanging beams. This underscores the crucial need for precise determination of load 

factors in practical applications. 
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1. INTRODUCTION 

In contemporary engineering practices, understanding the elastic properties of materials 
is crucial. This paper focuses on interpreting integration constants within the framework of 
linear bending theory, examining their physical significance in explaining beam 
deformations under various loads. The objective of this research is to introduce new 
foundations for the efficient design and analysis of structural bent elements by analysing 
integration constants and their correlation with deflection orientation and bending stiffness. 

We begin this paper by applying the linear theory of stress and strain in pure bending 
to derive the equation of the elastic curve. The resulting equation is a nonlinear second-
order differential equation, with its integral being elliptic. Thus, we use a linearized 
approximation to solve the differential equation of the elastic curve. It was found that the 
deviation of the deflection results obtained by the approximate differential equation was 
up to 4% compared to the results obtained by the exact differential equation, and in extreme 
cases, the deviation was up to a maximum of 10%, [1]. The study [1] demonstrated a robust 
numerical method that effectively addresses the complexities of beam behaviour, 
particularly when dealing with variable cross-sections. The authors address the boundary 
value problem by transforming it into an initial value problem using a special application 
of the shooting method. This transformation allows for high accuracy in obtaining the 
initial values of the differential equations. The authors also compared their numerical 
results with analytical solutions and finite element method (FEM) results. This comparison 
demonstrates a good agreement of all obtained results. This provides a strong foundation 
for using modern numerical methods to derive solutions for complex loading scenarios. 

With the advent of advanced numerical methods, the elliptic integral can be solved, 
allowing the exact solution to be determined if necessary. Approximate numerical methods, 
such as the finite element method (FEM) or finite difference method (FDM), simplify the 
problem by discretizing the beam into smaller segments or elements [2]. These methods 
are computationally efficient and can handle complex geometries and loading conditions 
more easily than exact solutions. Approximate solutions can be iteratively improved by 
refining the mesh or increasing the number of segments, thus approaching the exact 
solution. 

The application of the theory of pure bending shows that the influence of shear forces 
can be neglected. However, in the case of general bending by forces, this influence is not 
negligible. The importance of references such as [3, 4] is highlighted, as their work 
provides mathematical models of elastic curves for simply supported beams subjected to 
uniformly distributed and concentrated loads, considering shear effects. In [3], Rojas 
presents a model that demonstrates how shear deformations affect the elastic curve of the 
beam, which is crucial for accurately predicting deformations in beams made of composite 
or metamaterials. The study emphasizes that traditional models that neglect shear 
deformations are not sufficiently accurate for modern materials and structures. In [4], Rojas 
and Espino focus on calculating fixed-end moments for beams subjected to a concentrated 
force localized anywhere along the beam, considering shear deformations. Their study 
shows that including shear deformations significantly alters the values of fixed-end 
moments, allowing for more precise engineering calculations and better assessment of 
beam behaviour under various loading conditions. Their research underscores the 
importance of including these effects for more accurate and realistic modelling of beam 
behaviour under various loading conditions. 
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The exact solution of the elastic curve can be mathematically complex, especially for 
beams with irregular shapes, varying material properties, especially with discontinuities, 
or complex boundary or loading conditions. Nevertheless, contemporary research suggests 
generalized solutions for beams with discontinuities on elastic foundations [5]. While it is 
possible to find exact solutions for complex scenarios, the fundamental understanding of 
the elastic curve concept is often lacking when interpreting these solutions.  

In engineering practice, it is crucial to comprehend the solutions generated by software 
that uses approximate methods. Our approach aims to connect practical engineering 
solutions with the underlying meaning of the results. Achieving this requires a solid 
physical understanding of all the terms in the mathematical models and their solutions, 
including how integration constants relate to deflections and bending stiffness. The latter 
represents a central theme explored throughout this work. 

Through this investigation, we aim to enhance the design and analysis of structural 
elements by clarifying the interplay between mechanical loads and beam behaviour, 
leading to better-based engineering decisions and safer structures. 

In this paper, we delve deeper into bent beams and their structural integrity, focusing 
particularly on the physical meaning of integration constants in the bending theory of 
elastic beams. Following our initial exploration, the subsequent sections systematically 
address various facets of this topic. 

Section 2 introduces the concepts of stress and strain in pure bending. It establishes the 
relationship between applied loads, moments, and the corresponding stress distributions, 
providing a theoretical framework for understanding the behavior of beams under load. 

Section 3 presents the differential equation governing the elastic curve of a bent beam. 
This is crucial for calculating deflections and understanding the bending moment's role in 
beam analysis. The section discusses methods of deriving the elastic curve, emphasizing 
the importance of both integration constants and the material's bending rigidity. 

Section 4 elaborates on the Clebsch procedure, a significant method for calculating 
beam deflection under various loading conditions. This section outlines a systematic 
approach to integrate piecewise functions to derive bending moments and deflections 
across the entire span of a beam. 

Section 5 focuses on numerical results and discussions, showcasing overhanging beam 
studies with varying loads and heights of cross-sections. Here, we analyze how the 
integration constants correlate with beam deflection and the nuances of their behavior 
under different loading scenarios. 

Finally, in the Conclusion, we synthesize our findings, summarizing the significance of 
integration constants in practical engineering contexts and suggesting directions for further 
research. Ultimately, this work aims to enhance the design and analysis of structural 
elements by clarifying the interplay between mechanical loads and beam behavior. 

From the results of this study, engineers can gain better insights into the behavior of 
bent beams under various types, sizes, and arrangements of loads, which will help them 
design structures more effectively and select appropriate profiles for given material 
characteristics. 
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2. STRESSES AND STRAINS IN PURE BENDING 

 
Let us consider a beam, as shown in Fig.1, with two equal overhangs each of length 𝑐, 

loaded at the free ends with forces 𝐹. The section of the beam between supports 𝐴 and 𝐵 
is subjected to moments 𝑀 = 𝐹 ∙ 𝑐, acting in the vertical plane of the load through the 
longitudinal axis 𝐴𝑧 of the beam. In the cross-sections between supports 𝐴 and 𝐵, there are 
no transverse (shear) forces, as seen in the 𝐹𝑇  diagram of Fig. 1a, and the bending moment 
has a constant value 𝑀 = 𝐹 ∙ 𝑐, as shown in the 𝑀𝑓 diagram in Fig. 1a. Under the influence 
of these moments, the beam in the span  𝐴𝐵 deforms such that the upper fibers elongate, 
and the lower fibers shorten, as seen in Fig. 1b. The elongations are greater for fibres closer 
to the upper edge 𝑎 − 𝑎 compared to fibres 𝑏 − 𝑏 which are further from the edge. 
Conversely, fibres 𝑑 − 𝑑 on the lower outer edge will shorten the most (more than fibres 
𝑐 − 𝑐, Fig. 1b). Between the fibres that elongate and the fibres that shorten lie the fibres 
that do not change in length. These fibres are called neutral fibres (0 − 0), and they form 
the neutral surface, whose intersection with the bending plane 𝑅𝑠 is the neutral axis (line) 
or the elastic curve of the beam. The neutral axis within the beam experiences no strain and 
stress, while they increase linearly from it. It divides the beam into two regions: one under 
compression and the other under tension.    

 

 

Fig. 1 Pure bending: a) example of loading and b) deformations, neutral axis 0 − 0, a-a 
and b-b stretched and extended fibres, c-c and d-d compressed and shortened fibres, [7]. 

When the direction of the moments is reversed, the deformation of the beam is also 
reversed. In this case, the top fibres of the beam experience compressive stress and thus 
shorten, while the bottom fibres experience tensile stress and elongate, as shown in Fig. 2.  

а) b) 
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Fig. 1 Bending deformation surfaces, [7]. 

This type of stress, caused by moments acting in the plane of the load that coincides 
with the centroidal plane, where the only load throughout the span is the constant bending 
moment 𝑀𝑓 = 𝑐𝑜𝑛𝑠𝑡. without the transverse force, 𝐹𝑇 = 0, is known as pure bending. The 
theory of pure bending assumes that the material is homogeneous and isotropic, and that 
the beam is initially straight and remains plane after bending. In reality, a state of pure 
bending does not practically exist, because such a state needs an absolutely weightless 
member. The state of pure bending is an approximation made to derive formulas. 

To establish the relationship between fibre deformation and the stress resulting from 
external moment loads, we consider two closely spaced cross-sections at a distance 𝑑𝑧, as 
shown in Fig.3 a). Under the action of moments 𝑀 = 𝐹 ∙ 𝑐, the cross-sections rotate relative 
to each other by an angle 𝑑𝜑, but it is assumed that their surfaces remain flat as before 
deformation (Bernoulli's hypothesis). The neutral line intersects the cross-sections at points 
𝑂 and 𝑂′, with the distance between them remaining unchanged 𝑂𝑂′̅̅ ̅̅ ̅ = 𝑑𝑧. 

If we observe the fibres above the neutral line, we see that they elongate. For example, 
the distance between points 𝐵 and 𝐵′, which belong to fiber 𝑏 − 𝑏 at a distance 𝑦 from the 
neutral line, changes by an elongation 𝐵′′𝐵′̅̅ ̅̅ ̅̅ = Δ𝑑𝑧, so the strain of that fibre is 𝜀𝑧 =
∆𝑑𝑧/𝑑𝑧. 

According to Hooke's law, this strain corresponds to a normal stress 𝜎𝑧 = 𝐸 ∙ 𝜀𝑧, which 
acts at point 𝐵 in the axial direction perpendicular to the cross-section 𝑂𝐵. From Fig. 3a, 
based on the similarity of the arc triangles (for small angles 𝑑𝜑 → 0, it is assumed that the 
arc can be approximated by a straight line) Δ𝐶𝑘𝑂𝑂′~Δ𝑂′𝐵′𝐵′′, the relationship can be 
written as: 

∆𝑑𝑧

𝑑𝑧
=

𝑦

𝑅𝑘

= 𝜀𝑧 =
𝜎𝑧

𝐸
, (1) 

where 𝑅𝑘 is the radius of curvature of the elastic curve. The elastic curve is a curved 
line with the centre of curvature 𝐶𝑘. In the points of the cross-section, normal stresses occur 
that are proportional to the distance 𝑦 of the fibres from the neutral axis (neutral surface): 

𝜎𝑧 =
𝐸

𝑅𝑘

𝑦. (2) 

To determine the relationship between the normal stress and the bending moment 𝑀𝑓, 
the equilibrium of the beam section to the left of the cross-section 𝑝 − 𝑝 is considered, as 
shown in Fig.3 b). The effect of the beam section to the right of the cross-section 𝑝 − 𝑝 is 
replaced by internal forces, which are reduced to the moment couple �⃗⃗⃗⃗� = �⃗⃗� (𝑧) in the 
opposite direction. On the elementary surface 𝑑𝐴 of the cross-section, elementary force 
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𝑑𝑍 = 𝜎𝑧𝑑𝐴  act perpendicular to the cross-section. Based on the previous and Fig. 3b, six 
equilibrium conditions for the observed cross-section can be written as: 

Fig. 2 a) The segment of the bent beam between two cross-sections that are relatively 
rotated by a small angle 𝑑𝜑; b) Reaction force 𝑑𝑍 at small area 𝑑𝐴  of the cross-

section and normal stress distribution over the cross-section, [7]. 

1) ∑𝑋𝑖 ≡ 0, 2)  ∑𝑌𝑖 ≡ 0,   

3)∑𝑍𝑖 = ∫ 𝜎𝑧

𝐴

𝑑𝐴 = 0, 

4) ∑𝑀𝑥 = 0,   thus: − 𝑀(𝑧) + ∫ 𝑦 ∙ 𝜎𝑧

𝐴

∙ 𝑑𝐴 = 0, 

5) ∑𝑀𝑦 = 0,   thus:  − ∫ 𝑥 ∙ 𝜎𝑧

𝐴

∙ 𝑑𝐴 = 0, 

 6)∑𝑀𝑧 ≡ 0. 
Conditions 1, 2, and 6 are identically satisfied, and from the equilibrium condition given 

by expression 3 and Eq. (2), it follows: 

    ∫
Е

𝑅𝑘
А

𝑦 ∙ 𝑑𝐴 =
Е

𝑅𝑘

∫ 𝑦 ∙ 𝑑𝐴

А

=
Е

𝑅𝑘

𝑆𝑥 = 0,     

from which it follows that the first moment of area in the 𝑥 direction must be zero  𝑆𝑥 = 0, 
which is satisfied only if the 𝑥-axis is the centroidal axis. Since for all points on this axis 
𝑦 = 0, according to Eq. (2) it follows that  𝜎𝑧 = 0. The 𝑥-axis is therefore the neutral axis, 
which is the geometric locus of points in the cross-section where the normal stress is zero. 

а) b) 

cross-section 𝑝 − 𝑝 
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From condition 4 it follows: 

𝑀(𝑧) = ∫ 𝑦 ∙ 𝜎𝑧 ∙

𝐴

𝑑𝐴 = ∫ 𝑦 ∙
Е

𝑅𝑘
А

∙ 𝑦 ∙ 𝑑𝐴 =
Е

𝑅𝑘

∫ 𝑦2 ∙ 𝑑𝐴

А

=
Е

𝑅𝑘

𝐼𝑥  . 

If we introduce the relation 𝜎𝑧

𝑦
=

Е

𝑅𝑘
 , which follows from Eq. (2), then the relation 

between bending moment and normal stress in cross-section is: 
𝑀(𝑧) =

𝜎𝑧

𝑦
𝐼𝑥  , 

so that the expresion for normal stress depending on bending moment is as follows:  

𝜎𝑧 =
𝑀(𝑧)

𝐼𝑥
𝑦 . (3) 

It can be observed that the normal stress is a linear function of the coordinate 𝑦 for the 
given cross-section, and its maximum value occurs in the edge fibers of the section, i.e., at 
𝑦 = 𝑦𝑚𝑎𝑥, as illustrated in the diagram in Fig. 3b. 

From condition 5 and Eq. (2) follows that: 

∫ 𝑥 ∙
Е

𝑅𝑘
А

∙ 𝑦 ∙ 𝑑𝐴 =
Е

𝑅𝑘

∫ 𝑥 ∙ 𝑦 ∙ 𝑑𝐴

А

=
Е

𝑅𝑘

𝐼𝑥𝑦 = 0 .   

This condition is satisfied only if the centrifugal moment of inertia for the observed 
centroidal axes is zero (𝐼𝑥𝑦 = 0), which holds true when at least one of the axes (𝑥 and/or 
𝑦) is a principal centroidal axis. 

From Eqs. (2) and (3), a formula for the radius of curvature of the elastic curve can be 
derived:  

1

𝑅𝑘

=
𝑀(𝑧)

𝐸 ∙ 𝐼𝑥
=

𝑀(𝑧)

𝕭𝑥

 , (4) 

where 𝕭𝑥 = 𝐸 ∙ 𝐼𝑥 is the bending stiffness (flexural rigidity), with dimensions [𝐹 ∙ 𝐿2] 
and possible units [𝑘𝑁 ∙ 𝑐𝑚2], [𝑁 ∙ 𝑚𝑚2] or  [𝑁 ∙ 𝑚2]. It can be seen that the bending 
stiffness depends on the type of material, expressed through the modulus of elasticity 𝐸, 
and on the shape (distribution of areas) of the cross-section, whose characteristics are 
determined by the axial moment of inertia 𝐼𝑥. 

3. DIFFERENTIAL EQUATION OF THE ELASTIC CURVE OF A BENT BEAM 

 
 In a pure bending the elastic curve (in the deformed state) has the shape of a circular 

arc, as shown in Fig. 1b, where the radius of curvature is constant 𝑅𝑘 = 𝑐𝑜𝑛𝑠𝑡. , because it 
depends only on the bending moment 𝑀(𝑧) = 𝑐𝑜𝑛𝑠𝑡. , which is also constant in pure 
bending, see diagram of momentum in Fig. 1a. In the general case of bending by forces, if 
we neglect shear, the radius of curvature of the curve 𝑦(𝑧) that describes the shape of the 
elastic curve of the deformed beam depends on the bending moment, as given by Eq. (4). 
The slope of the tangent to the curve is the first derivative of the function 𝑦(𝑧): 𝑦′(𝑧) =
𝑡𝑔𝜑. Differentiating this expression with respect to 𝑧 gives: 

𝑦′′(𝑧) =
1

𝑐𝑜𝑠2𝜑

𝑑𝜑

𝑑𝑧
 . 
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By applying the trigonometric relationship between the cosine and tangent functions, it 
follows that:  

𝑐𝑜𝑠2𝜑 =
1

1 + 𝑡𝑔2𝜑
=

1

1 + (𝑦′(𝑧))
2 . 

Combining the last two expressions, we obtain:  
𝑑𝜑

𝑑𝑧
=

𝑦′′

1 + (𝑦′(𝑧))
2 . 

Since the element of the arc curvature is given by the Pythagorean theorem: 

𝑑𝑠 = ±√𝑑𝑧2 + 𝑑𝑦2 = ±𝑑𝑧√[1 + (𝑦′(𝑧))
2
] , 

thus: 

𝑑𝑧 =
𝑑𝑠

±√[1 + (𝑦′(𝑧))
2
]

 . 

Since the curvature of elastic curve is 𝐾 =
𝑑𝜑

𝑑𝑠
=

1

𝑅𝑘
, it follows that: 

𝐾 =
1

𝑅𝑘

=
𝑑𝜑

𝑑𝑠
= ±

𝑦′′

[1 + (𝑦′)2]
3
2

 . 

By applying the relationship between the radius of curvature of the elastic curve and 
the bending moment, as given in Eq. (4), we obtain: 

𝐾 =
1

𝑅𝑘

= ±
𝑦′′

√[1 + (𝑦′)2]3
=

𝑀(𝑧)

𝐸 ∙ 𝐼𝑥(𝑧) 
 . (5)  

This is a nonlinear second-order differential equation, and its integral is elliptic. Elliptic 
integrals are solved graphically or numerically using computers and cannot be solved 
analytically. Timoshenko and Goodier (1952) [6] gave the same formula for calculating 
the elastic curves, y(z), of the supported beams of variable cross-section and loaded with 
bending moment M(z) in this nonlinear case. 

The displacement of the centroid of the cross-section 𝑧 = 𝑧𝐶  in the vertical direction 
𝑦(𝑧) is called the deflection of the section 𝑓𝐶, as shown in Fig. 4. It also represents the 
ordinate of the elastic curve 𝑓𝐶 = 𝑦(𝑧𝐶) measured relative to the 𝑧 -axis. Since the length 
of the elastic curve in the neutral surface does not change, deflection causes a deviation of 
the centroid position relative to the vertical direction. As the deflections in beams within 
the elastic limit are very small compared to the length of the beam, this deviation is 
neglected. The deflection of the elastic curve is positive if the elastic curve moves 
downward relative to the initial position, and negative if it moves upward. Since the 
bending moment diagram is drawn so that it is positive on the lower side of the neutral line, 
when drawing the elastic curve, the 𝑦-axis is directed downward, making deflections 
positive together with bending moment, as in our physical reality. 

In beam bending, not only does the centroid of the cross-section deflect, but the cross-
section 𝑧 = 𝑧𝐶 also rotates by an angle 𝜑𝐶 . This angle forms the tangent to the elastic curve 
𝑦′(𝑧) of the bent beam relative to the initial position of the 𝑧 -axis, so 𝑡𝑔𝜑 is called the 
slope of the tangent to the elastic curve at the section at distance 𝑧 = 𝑧𝐶 , Fig. 4. For small 
angles: 𝑦′(𝑧) = 𝑡𝑔𝜑 ≈ 𝜑(𝑧). The angle of the tangent slope to the elastic curve is positive 
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if its rotation relative to the initial position is clockwise. The units for the angle of rotation 
are radians or degrees. 

 

Fig. 4 The deflection of the section 𝑓𝐶 = 𝑦(𝑧𝐶) = 𝑦(𝑙/2) and the slope of the tangent to 
the elastic curve 𝑦′(𝑧) = 𝜑(𝑧) at distance 𝑧, 𝑓𝐵 = 𝑦(𝑙) and 𝜑𝐵 the deflection and slope 

of the free end of cantilever beam [7]. 

In technical practice, for ideally elastic beams, deflections over total length of beam  
𝑓/𝑙 greater than 2‰ are rare, which means 𝑓/𝑙 < 1/500. Because of this, the slopes of 
the sections are very small, so (𝑦′(𝑧))

2
 is a second-order small quantity relative to one 

((𝑦′(𝑧))
2
≪ 1, i.e., 1 + (𝑦′(𝑧))

2
≈ 1,  so that  [1 + (𝑦′(𝑧))

2
]

3

2
≈ 1). Thus, Eq. (5) can be 

written in a simpler form: 

±𝑦′′ =
𝑀(𝑧)

𝐸 ∙ 𝐼𝑥(𝑧)
=

𝑀(𝑧)

𝕭𝑥(𝑧)
 . (6)  

This is the approximate differential equation of the elastic curve. Therefore, the 
deflection of the elastic curve is the solution of this equation: 𝑦(𝑧) = 𝑓(𝑧), and the slope 
is the first derivative of the elastic curve equation 𝑦′(𝑧) = 𝜑(𝑧). 

In verifying the accuracy of the calculations, it was found, in our internal numerical 
calulstion and in [1], that the deviation of the deflection results obtained by the approximate 
differential Eq. (6) was up to 4% compared to the results obtained by the exact differential 
Eq. (5), and in extreme cases, the deviation was up to a maximum of 10%. With modern 
numerical methods, the elliptic integral can be solved, so if necessary, the exact solution 
of Eq. (5) can be determined. Approximate numerical methods, such as the finite element 
method (FEM) or finite difference method (FDM), are computationally efficient and can 
handle complex geometries and loading conditions more easily than exact solutions. 
Approximate solutions can be iteratively improved by refining the mesh or increasing the 
number of segments, thus approaching the exact solution. 

Although numerical solutions for complex scenarios can be obtained, the basic 
understanding of the elastic curve concept is often missing when interpreting these 
solutions. In engineering practice, it is essential to grasp the solutions produced by software 
that employ approximate methods. Our approach seeks to link practical engineering 
solutions with the underlying significance of the results. To achieve this, a strong physical 
understanding of all the terms in mathematical models and their solutions is necessary.  

It is necessary to determine which sign (+) or (– ) is used in expression 6 to physically 
accept the solution. There are two cases, as explained in [7]: 

1. When the bending moment is positive, 𝑀(𝑧) > 0, the right side of expression (6) 
is positive, and the elastic curve has a maximum, so its second derivative is 
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negative, 𝑦′′ < 0. In this case, the sign (−) must be adopted so that the left side 
of the expression is also positive. 

2. When the bending moment is negative, 𝑀(𝑧) < 0, the right side of expression (6) 
is negative, and the elastic curve has a minimum, so its second derivative is 
positive, 𝑦′′ > 0. In this case, the sign (−) must be adopted in front of 𝑦′′ so that 
the left side of expression (6) is negative. 

From this, it follows that the approximate differential equation of the elastic curve of 
the beam in both cases is in the form: 

𝑦′′ = −
𝑀(𝑧)

𝐸 ∙ 𝐼𝑥(𝑧)
= −

𝑀(𝑧)

𝕭(𝑧)
= 𝑓(𝑧), 

thus, 

𝕭(𝑧) ∙ 𝑦′′ = −𝑀(𝑧). (7)  

The bending stiffness 𝕭(𝑧) = 𝕭𝑥(𝑧) = 𝐸 ∙ 𝐼𝑥(𝑧) of the beam along the x-axis 
generally depends on the 𝑧-coordinate, as there are beams with variable bending stiffness. 

For a prismatic beam with a constant cross-section, the moment of inertia 𝐼𝑥 for the 
neutral 𝑥-axis is constant. Since the modulus of elasticity 𝐸 is unchanged, it follows that 
the bending stiffness 𝕭 = 𝐸 ∙ 𝐼𝑥 = 𝑐𝑜𝑛𝑠𝑡 is also constant. Only the bending moment 𝑀(𝑧) 
depends on the 𝑧-coordinate, which represents the distance from the left end of the beam. 

The direct integration method is based on integrating the differential equation of the 
elastic curve of the beam, Eq. (7). Since 𝑦′(𝑧) = 𝑑𝑦/𝑑𝑧, we have  

𝕭 ∙ 𝑦′(𝑧)𝑑𝑦 = −𝑀(𝑧)𝑑𝑧. 
By integrating this equation in the first step, we obtain the slope of the elastic curve 

𝑦′(𝑧): 

𝕭 ∙ 𝑦′(𝑧) = ∫𝑓(𝑧) 𝑑𝑧 + 𝐶1, 

and by performing a second successive integration, we obtain the deflection of the 
elastic curve 𝑦(𝑧): 

𝕭 ∙ 𝑦(𝑧) = ∫𝛷(𝑧) 𝑑𝑧 + 𝐶1 ∙ 𝑧 + 𝐶2 = 𝛹(𝑧) + 𝐶1 ∙ 𝑧 + 𝐶2. 

During these integrations, we introduce the integration constants 𝐶1 and 𝐶2, which are 
determined from the beam support conditions (boundary conditions, i.e. conditions for zero 
deflections and rotation angles in a specific type of support). The necessary condition that 
must be met is the continuity of the elastic curve, i.e. the first derivative must exist at every 
cross-section 𝑦′(𝑧): 𝑦1(𝑎) = 𝑦2(𝑎)   𝑦1

′(𝑎) = 𝑦2
′ (𝑎), where 𝑦1(𝑧), 𝑦1

′(𝑧) for  0 ≤ 𝑧 ≤
𝑎  and  𝑦2(𝑧), 𝑦2

′ (𝑧) for  𝑎 ≤ 𝑧 ≤ 𝑙 are the laws of deflection and slope of the cross-section 
in the first and second interval directly before and after the section at a distance 𝑎. 

For a beam with 𝑛 segments, each segment correspont to different bending moment 
expression, there will be 2𝑛 integration constants. By integrating, a system of 2𝑛 linear 
equations is obtained for the corresponding integration constants. After determining these 
constants, analytical expressions for the slope 𝑦𝑖

′(𝑧) and deflection 𝑦𝑖(𝑧) can be written for 
all segments of the beam. 
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4. CLEBSCH PROCEDURE  

Alfred Clebsch’s paper titled „Theorie der Elasticitat Fester Korper“ from 1862 and 
later Macaulay’s  paper titled "The Elastic Deflection of Beams" from 1919 provided 
closed-form equations for the deflection of beams subjected to various types of loading and 
support conditions. This allowed engineers to compute deflections directly and efficiently 
without extensive iterative calculations per segment. The Clebsch procedure (also known 
as Macaulay's procedure) for calculating beam deflections uses a double direct integration 
method in a piecewise procedure to assess the impact of loads on different beam segments. 
This approach simplifies the analysis of beams under complex loading conditions. 

The purpose of this procedure is to write a single expression for the bending moment 
over the entire span of the beam, which is then solved using expression (7) to obtain unique 
integration constants and unique expressions for the slope and deflection of the elastic 
curve of the beam. To apply this procedure, the following steps need to be taken in order: 

1. Determine the reactions at the supports; 
2. Set the coordinate origin at the left end of the beam; 

 

 

 

 

 

 

Fig. 5 Defined ranges I, II, III and IV according to the Clebsch procedure in general case 
of beam loading, [7]. 

3. Define the fields (intervals) in which certain (different) laws of change of the 
bending moment apply. In each part of the span (field) where the bending moment 
changes according to a certain law, the variable (𝑧 − 𝑎𝑖) is taken, where 𝑎𝑖 is the 
distance from the left boundary of that part of the span.  

4. The bending moment in the next interval must be equal to the bending moment of 
the previous interval increased by a term containing the binomial (𝑧 − 𝑎𝑖), which 
is achieved by extending the continuous load to the end of the beam while 
simultaneously subtracting the same amount of opposite load, as shown in Fig. 5.  

5. The integration constants 𝐶1 and 𝐶2 are placed in the first field of the integral of 
the differential equation to apply to the entire span of the beam and are determined 
from the boundary conditions.  

6. Each subsequent field is separated by a bold (Clebsch) line, and only the moments 
from the load in the corresponding field are added. 
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Applied to the case in Fig. 5, the expression for the bending moment of the beam has 
the form: 

𝑀𝑓 = 𝑀(𝑧) = 𝐹𝐴 ∙ 𝑧 −
1

2
𝑞 ∙ 𝑧2‖ +

1

2
𝑞(𝑧 − 𝑎1)

2‖ − 𝐹(𝑧 − 𝑎2)‖ + 𝔐(𝑧 − 𝑎3)
0 

               0 ≤ 𝑧 ≤ 𝑎1 
             𝑎1 ≤ 𝑧 ≤ 𝑎2 
                𝑎2 ≤ 𝑧 ≤ 𝑎3  
               𝑎3 ≤ 𝑧 ≤ 𝑙  
 
The second-order differential equation of the elastic curve Eq. (7) for the beam from 

Fig. 5 has the form: 

𝕭 ∙ 𝑦′′ = −𝐹𝐴 ∙ 𝑧 +
1

2
𝑞 ∙ 𝑧2‖ −

1

2
𝑞(𝑧 − 𝑎1)

2‖ + 𝐹(𝑧 − 𝑎2)‖ − 𝔐(𝑧 − 𝑎3)
0. 

After the first integration, we obtain the equation for the slope of the elastic curve, 
which includes an undetermined constant 𝐶1: 

𝕭 ∙ 𝑦′ = −
𝐹𝐴

2
∙ 𝑧2 +

1

6
𝑞 ∙ 𝑧3 + 𝐶1‖−

1

6
𝑞(𝑧 − 𝑎1)

3‖ +
𝐹

2
(𝑧 − 𝑎2)

2‖ − 𝔐(𝑧 − 𝑎3)
1.      (8) 

After the next integration, we obtain the equation for the deflection of the beam elastic 
curve, which includes additional undetermined constant 𝐶2: 

𝕭𝑦 = −
𝐹𝐴

6
𝑧3 +

1

24
𝑞𝑧4 + 𝐶1𝑧 + 𝐶2‖−

1

24
𝑞(𝑧 − 𝑎1)

4‖ +
𝐹

6
(𝑧 − 𝑎2)

3‖ −
𝔐

2
(𝑧 − 𝑎3)

2 (9) 

Since, the integration constants must have dimensions that match the other terms in the 
previous equations we can specify theirs physical interpretation. Specifically, 𝐶1 has the 
dimension of force times length squared F 𝐿2, same dimension as the flexural rigidity of 
the beam 𝕭. The constant  𝐶2 has the dimension of force times length cubed F 𝐿3. From the 
Eq. (8) we can conclud that the ratio  𝐶1/𝕭 determines the slop of the elastic curve at the 
left support when 𝑧 = 0. Additionally, from Eq. (9), the ratio 𝐶2/𝕭 defines the deflection 
value at the left-hand side of the overhanging beam. This conclusion is illustrated in the 
following example of a loaded beam with overhangs.   

The value of the constants are determined from the boundary conditions of the beam 
supports.  

The fixed support 𝐴, for 𝑧 = 0, of the beam given at Fig. 5, is without the deflection 
𝑦(𝑧 = 0) = 0. From this condition, by substituting up to the first bold line in Eq. (9), we 
get 𝐶2 = 0.  

The movable support 𝐵, at 𝑧 = 𝑙, has also a deflection equal to zero: 𝑦(𝑧 = 𝑙) = 0, so 
by substituting 𝑧 = 𝑙 into the last equation, it follows that: 

𝐶1 =
𝐹𝐴

6
∙ 𝑙2 −

1

24
𝑞 ∙ 𝑙3 +

1

24
𝑞 (1 −

𝑎1

𝑙
)
4

+
𝐹

6
(1 −

𝑎2

𝑙
)
3

−
𝔐

2
(1 −

𝑎3

𝑙
)
2

. 

From the last expression, it is evident that the first integration constant depends not only 
on the value of the applied load (𝐹, 𝑞 and  𝔐) but also on its distribution and position 𝑎𝑖. 

The integration constants 𝐶1 and  𝐶2 obtained in this way are substituted into the 
expressions for the deflection 𝑦(𝑧), Eq. (9), and the slope 𝑦′(𝑧), Eq. (8), of the elastic curve 
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of the beam for any 𝑧, thus providing analytical expressions for determining the deflection 
and slope at any cross-section along the span of the beam: 

𝑦 (𝑧) =
1

𝕭
{−

𝐹𝐴

6
∙ 𝑧3 + … }, 

𝑦′(𝑧) =
1

𝕭
{−

𝐹𝐴

2
∙ 𝑧2 + ⋯ }. 

In the following section, several examples of beams with overhangs and different 
loading conditions are examined. Numerical experiments with varying loading 
distributions and values are connected to the interpretation of the integration constants. 

5. NUMERICAL RESULTS AND DISCUSSION 

Let us find the elastic curve equation for the beam shown in Fig. 6 by applying the 
Clebsch procedure described in the previous section. The reactions at the supports are 𝐹𝐴 =
3𝐹 2⁄ + 4 ∙ 𝑞 ∙ 𝑎  and 𝐹𝐵 = 3𝐹 2⁄ . The unique bending moment expression for the beam 
length is: 

𝑀(𝑧) = −F ∙ 𝑧‖+𝐹𝐴 ∙ (𝑧 − 𝑎)‖ − 2F ∙ (𝑧 − 3𝑎) −
1

2
𝑞 ∙ (𝑧 − 3a)2‖ + 𝐹(𝑧 − 4a)‖

+ 𝐹𝐵(𝑧 − 5a) 
The differential equation of elastic curve Eq. (7) for this beam is:  
𝕭 ∙ 𝑦′′ = F ∙ 𝑧‖−𝐹𝐴 ∙ (𝑧 − 𝑎)‖ + 2F ∙ (𝑧 − 3𝑎) +

1

2
𝑞 ∙ (𝑧 − 3a)2‖ − 𝐹(𝑧 − 4a)‖ −

−𝐹𝐵(𝑧 − 5a). 
After the first integration, it follows that: 

𝕭 ∙ 𝑦′(𝑧) =
F

2
∙ 𝑧2 + 𝐶1‖−

𝐹𝐴

2
∙ (𝑧 − 𝑎)2‖+F ∙ (𝑧 − 3𝑎)2 +

1

6
𝑞(𝑧 − 3𝑎)3‖ − 

−
F

2
(𝑧 − 4a)2‖ −

𝐹𝐵

2
∙ (𝑧 − 5𝑎)2.                                    (10) 

After the next integration, it follows that: 

𝕭 ∙ 𝑦(𝑧) =
F

6
∙ 𝑧3 + 𝐶1 ∙ 𝑧 + 𝐶2‖−

𝐹𝐴

6
∙ (𝑧 − 𝑎)3‖+

F

3
∙ (𝑧 − 3𝑎)3 +

1

24
𝑞(𝑧 − 3𝑎)4‖ − 

−
F

6
(𝑧 − 4a)3‖ −

𝐹𝐵

6
∙ (𝑧 − 5𝑎)3.                                                (11) 

The value of the constants are determined from the boundary conditions of the beam 
supports.  

 
 

 
 

Fig. 6 Elastic beam with overhangs and discrete and continuoes loading 

The fixed support 𝐴, for 𝑧 = 𝑎, of the beam given at Fig. 6, is without the deflection 
𝑦(𝑧 = 𝑎) = 0. From this condition, by substituting up to the first bold line in Eq. (11), we 
get: 

p 

2F F 
z 

a  a 2 a a 

A 

B 

q 
p 

2 a 

F 

F 
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𝐶1 ∙ 𝑎 + 𝐶2 = −
F

6
∙ 𝑎3 

 The movable support 𝐵, at 𝑧 = 5𝑎, also has a deflection equal to zero: 𝑦(𝑧 = 5𝑎) =
0, so by substituting 𝑧 = 5𝑎 into Eq. (11), the following equation stands: 

5𝐶1 ∙ 𝑎 + 𝐶2 = −
70F

3
∙ 𝑎3 +

32F𝐴

3
∙ 𝑎3 −

3𝑞

2
𝑎4. 

By solving the system of two algebraic equations, we obtain the solution for the integration 
constants: 

𝐶1 = (−139 ∙ 𝐹 + 64 ∙ F𝐴 − 9 ∙ 𝑞 ∙ 𝑎) ∙
𝑎2

24
                                        (12) 

      𝐶2 = (135 ∙ 𝐹 − 64 ∙ F𝐴 + 9 ∙ 𝑞 ∙ 𝑎) ∙
𝑎3

24
                                       (13) 

Equations (10) and (11) are used for numerically drawing the elastic curve for the 
overhanging steel beam (𝐸 = 2,1 ∙ 104[𝑘𝑁/𝑐𝑚2] = 2,1 ∙ 105[𝑀𝑃𝑎] ) shown in Fig. 7. The 
deflection value along the beam length, 𝑦 (𝑧) = 𝑓[𝑚], is calculated for a nonstandard I 
profile. Table 1 contains the values of the height ℎ and the moment of inertia 𝐼𝑥 =
ℎ4 12⁄ [1 − (1 − 2𝜓)3(1 − 𝜓)] of the nonstandard profile I with the thickness-to-width 
ratio   𝜓 = 𝛿 ℎ⁄ = 0,2 for different loading values. These loading values are the same as 
those used for the numerical calculation of deflection shown in Fig. 7.  

We apply the criterion of the ultimate bending strength (flexural strength  
𝜎𝑑𝑓 = 10 [𝑘𝑁/𝑐𝑚2]) of steel for dimensioning beams. According to this criterion, the 
bending stress must be less than the ultimate bending strength: 

𝜎𝑧 =
𝑀𝑚𝑎𝑥(𝑧)

𝑊𝑥

≤ 𝜎𝑑𝑓                                                              (14) 

where the elastic section modulus is 𝑊𝑥[𝑐𝑚
3] =

𝐼𝑥

ℎ 2⁄
=

ℎ3

6
[1 − (1 − 2𝜓)3(1 − 𝜓)]. 

Thus, the expression for obtaining the dimension of height ℎ becomes: 

ℎ[𝑐𝑚] ≥ √
6 ∙ 𝑀𝑚𝑎𝑥(𝑧)

𝜎𝑑𝑓 ∙ [1 − (1 − 2𝜓)3(1 − 𝜓)]

3

                       (15) 

Therefore, the characteristic dimension of the profile – the height ℎ is determined 
according to the maximum value of the bending moment 𝑀𝑚𝑎𝑥(𝑧) for each type of beam, 
considering the values and distribution of the load.  

In this context, the observed examples of overhanging beams have the same 
nonstandard I profile but different bending stiffnesses 𝕭 = 𝐸 ∙ 𝐼𝑥 , as each is dimensioned 
individually according to the varying loading values and distribution that affect changes in 
the maximum value of the bending moment 𝑀𝑚𝑎𝑥(𝑧). In Table 1 one can find for 𝐹 =
1 [𝑘𝑁] 𝑎𝑛𝑑 𝑞 = 1 [𝑘𝑁/𝑚] calculated value of height ℎ = 6,62014 [𝑐𝑚]  and the moment 
of inertia 𝐼𝑥 = 132,403 [𝑐𝑚4]. For 𝐹 = 3 [𝑘𝑁] 𝑎𝑛𝑑 𝑞 = 3 [𝑘𝑁/𝑚] it is height ℎ =
9.54789 [𝑐𝑚]  and the moment of inertia 𝐼𝑥 = 572.873 [𝑐𝑚4]. From the coloured values 
in Table 1, we also observe the equality of certain values due to the symmetries of loading 
concentrated force and specific distribution of loading. 
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Table 1 The values of the height ℎ and the moment of inertia 𝐼𝑥  [𝑐𝑚4] of the profile I 
for the overhanging beam loading data used in calculation presented in Fig. 7  

 
𝛿

ℎ
= 0,2                                           

𝑎 = 1 [𝑚],  

𝐹 [𝑘𝑁] 
𝑞 = 1 [𝑘𝑁/𝑚] 𝑞 = 2 [𝑘𝑁/𝑚] 𝑞 = 3 [𝑘𝑁/𝑚] 

ℎ[𝑐𝑚] 𝐼𝑥[𝑐𝑚
4] ℎ[𝑐𝑚] 𝐼𝑥[𝑐𝑚

4] ℎ[𝑐𝑚] 𝐼𝑥[𝑐𝑚
4] 

−3 6.62014 132.403 6.33193 110.809 6.01479 90.2219 
−2 5.66014 70.7517 5.25441 52.5441 5.25441 52.5441 
−1 4.17042 20.8521 5.25441 52.5441 6.62014 132.403 
1 6.62014 132.403 7.57816 227.345 8.34085 333.634 
2 7.57816 227.345 8.34085 333.634 8.98491 449.245 
3 8.34085 333.634 8.98491 449.245 9.54789 572.873 

Table 2 The values of the height ℎ and the moment of inertia 𝐼𝑥[𝑐𝑚4] of the profile I 
for the overhanging beam loading data used in calculation presented in Table 3  

𝑎 = 1 [𝑚],  

𝐹 [𝑘𝑁] 
𝑞 = 1 [𝑘𝑁/𝑚] 𝑞 = 2 [𝑘𝑁/𝑚] 𝑞 = 3 [𝑘𝑁/𝑚] 

ℎ[𝑐𝑚] 𝐼𝑥[𝑐𝑚
4] ℎ[𝑐𝑚] 𝐼𝑥[𝑐𝑚

4] ℎ[𝑐𝑚] 𝐼𝑥[𝑐𝑚
4] 

−1 4.17042 20.8521 5.25441 52.5441 6.62014 132.403 
−0.5 4.17042 20.8521 6.01479 90.2219 7.13133 178.283 
−0.1 5.07307 45.6577 6.50791 123.65 7.49301 217.297 
0.1 5.42402 59.6642 6.72868 141.302 7.66145 237.505 
0.5 6.01479 90.2219 7.13133 178.283 7.97773 279.221 
1 6.62014 132.403 7.57816 227.345 8.34085 333.634 

The total length of the beam is 7 ∙ 𝑎, where 𝑎 = 1 [𝑚]. The different scenarios of 
loading combinations are illustrated in Fig. 7. From these diagrams, it can be observed that 
the deflection orientation is influenced by the direction of the concentrated force. 
Intuitively, the orientation of the deflection depends on the direction of the applied load. 
Since the value and sign of the integration constant 𝐶2 determine the deflection value and 
orientation at the left-hand side of the overhanging beam, we conclude that this also 
depends on the directions of the applied loads.  

For numerical signs of the forces and constant 𝐶2, refer to Fig. 7. From expression (13), 
we observe that the sign of the constant  𝐶2 depends not only on the sign and value of the 
force 𝐹, but also on the sign and value of the specific loading 𝑞, as well as the loading 
distribution defined by the value of 𝑎. Thus, the same beam with the same loads is further 
examined in terms of the varying signs of the constant 𝐶2, which specifies the orientation 
of the deflection, as well as the so-called "dog's tail movement" of the beam's overhangs.  
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Fig. 7 The elastic curve represents the deflection values along the beam length  

(𝑦 (𝑧) = 𝑓[𝑚]) for different scenarios of loading values and combinations. The beam has 
a nonstandard I profile cross-section with   𝛿 ℎ⁄ = 0,2  𝑎𝑛𝑑   𝑎 = 1 [𝑚]. 

From the highlighted cells of Table 3, we conclude that for different values of 𝑎 [𝑚] and 
specific loading 𝑞 [𝑘𝑁/𝑚], the change in the sign of the constant 𝐶2 [𝑘𝑁𝑚3] occurs 
regularly if the value of the force 𝐹 [𝑘𝑁] is between -0.5 and -0.1. Only for 𝑞 = 3 [𝑘𝑁/𝑚] 
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and a=2 [m], this change occurs for  −1 < 𝐹 [𝑘𝑁] <  −0.5. Therefore, the change in the 
sign of the constant 𝐶2 does not occur only if the direction of the load changes; in these 
cases, the load remains in the same direction, but the orientation of the deflection changes. 

Table 3 The values of the integration constants 𝐶1[𝑘𝑁𝑚2] and 𝐶2 [𝑘𝑁𝑚3] for different 
values and distributions of loading on an overhanging beam with a nonstandard I profile 

cross-section. 

 
𝛿

ℎ
= 0,2                                           

𝑞 = 1 [𝑘𝑁/𝑚] 

𝐹 [𝑘𝑁] 
𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

−1 1.625 -1.45833 3.46875 -4.64063 5.83333 -10.333 
−0,5 0.729167 -0.64583 1.45313 -1.89844 2.25 -3.8333 
−0,1 0.0125 0.004167 -0.15938 0.295312 -0.61667 1.36667 
0,1 -0.34583 0.329167 -0.96563 1.39219 -2.05 3.96667 
0,5 -1.0625 0.979167 -2.57813 3.58594 -4.91667 9.16667 
1 -1.95833 1.79167 -4.59375 6.32813 -8.5 15.6667 

𝑞 = 2 [𝑘𝑁/𝑚] 

𝐹 [𝑘𝑁] 
𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

−1 1.45833 -1.29167 2.90625 -3.79688 4.5 -7.6667 
−0,5 0.5625 -0.47917 0.890625 -1.05469 0.916667 -1.1667 
−0,1 -0.15417 0.170833 -0.72188 1.13906 -1.95 4.03333 
0,1 -0.5125 0.495833 -1.52812 2.23594 -3.38333 6.63333 
0,5 -1.22917 1.14583 -3.14063 4.42969 -6.25 11.8333 
1 -2.125 1.95833 -5.15625 7.17188 -9.83333 18.3333 

𝑞 = 3 [𝑘𝑁/𝑚] 

𝐹 [𝑘𝑁] 
𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

−1 1.29167 -1.125 2.34375 -2.95313 3.16667 -5 
−0,5 0.395833 -0.3125 0.328125 -0.21094 -0.41667 1.5 
−0,1 -0.32083 0.3375 -1.28437 1.98281 -3.28333 6.7 
 0,1 -0.67917 0.6625 -2.09062 3.07969 -4.71667 9.3 
 0,5 -1.39583 1.3125 -3.70313 5.27344 -7.58333 14.5 
 1 -2.29167 2.125 -5.71875 8.01563 -11.1667 21 

 
This indicates that there must be a specific value of the loads (in the observed case the 

value of concentrated force 𝐹 [𝑘𝑁]), at which the sign of the deflection at the free end of 
the beam changes. From the shaded values in Table 4, we observe that the change 
deflection orientation is very sensitive to small changes in the value of the concentrated 
force. Therefore, a very small change in the value of the concentrated force, which does 
not change direction, but varies in the third or fourth decimal place, plays a key role in 
changing the direction of the deflection. Between these small differences in the value of 
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the concentrated force, there is also the phenomenon where the beam has no deflection at 
the free end. This phenomenon has been observed in engineering practice. It is very useful 
to know the load values at which the so-called "dog's tail movement" occurs at the 
overhangs of the beams. 

Table 4 The sensitivity of sign changes of the integration constants 𝐶1[𝑘𝑁𝑚2] and 
𝐶2 [𝑘𝑁𝑚3] for different values of loading on an overhanging beam with a nonstandard I 

profile cross-section and total length 7 [𝑚] 

 
The next example of an overhanging beam we are analysing also has both concentrated 

and continuous transverse loads, differently distributed compared to the previous example. 
An additional impact on the change in deflection orientation and the values of the 
integration constants that characterize the deflection and slope at the left free end of the 
beam is caused by the axial force, which in this example is transferred to the beam through 
an eccentricity, Fig. 8. By applying the same Clebsch procedure and dimensioning using 
expression (15),  it is straightforward to obtain the expressions for deflection and slope 
represents by the beam's elastic curve equation. We do not present the same procedure a 
second time; instead, we emphasize the numerical results that suggest variations in the 
orientation of the elastic curve, not only by changing the orientation of the loading but 
especially by increasing the value of the concentrated forces. From the second diagram, in 
Fig. 8, of the elastic curve for the value  𝐹 = 3 [𝑘𝑁], we obtain 𝐶2 = 3.389[𝑘𝑁𝑚3], which 
has a positive value compared to the negative values of  𝐶2  for  𝐹 = 1 [𝑘𝑁] or  𝐹 = 2 [𝑘𝑁] 
for the same 𝑞 = 1 [𝑘𝑁/𝑚]. This trend of upward orientation of deflection continues for 
increased 𝐹 = 4 [𝑘𝑁] or 𝐹 = 5 [𝑘𝑁], as can be seen in the last diagram of Fig. 8. This 
change in deflection orientation due to the increase in force value is caused by the eccentric 
axial force, which significantly increases the local bending moment at the point where the 
eccentricity is attached. This directly affects the deflection values and thus 

                                                                                                                           

   
𝛿

ℎ
= 0,2     𝑎 = 1 [𝑚]     

𝐹[𝑘𝑁] 
𝑞 = 1 [𝑘𝑁/𝑚] 𝑞 = 2 [𝑘𝑁/𝑚] 𝑞 = 3 [𝑘𝑁/𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 
−0,0930 -0.0000416 0.0155417 -0.166708 0.182208 -0.333375 0.348875 
−0,0931 0.0001375 0.0153792 -0.166529 0.182046 -0.333196 0.348712 
−0,102 0.0160833 0.000916667 -0.150583 0.167583 -0.31725 0.33425 
−0,103 0.017875 -0.00070833 -0.148792 0.165958 -0.315458 0.332625 
−0,186 0.166583 -0.135583 -0.0000833 0.0310833 -0.16675 0.19775 
−0,187 0.168375 -0.137208 0.00170833 0.0294583 -0.164958 0.196125 
−0,205 0.200625 -0.166458 0.0339583 0.00020833 -0.132708 0.166875 
−0,206 0.202417 -0.168083 0.03575 -0.0014167 -0.130917 0.16525 
−0,279 0.333208 -0.286708 0.166542 -0.120042 -0.000125 0.046625 
−0,280 0.335 -0.288333 0.168333 -0.121667 0.0016667 0.045 
−0,307 0.383375 -0.332208 0.216708 -0.165542 0.0500417 0.001125 
−0,308 0.385167 -0.333833 0.2185 -0.167167 0.0518333 -0.0005 
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Fig. 8 The elastic curve (𝑦 (𝑧) = 𝑓[𝑚]) of an overhanging beam with an additional axial 
loading force for different scenarios of loading values and combinations. The beam has a 

nonstandard I profile cross-section with   𝛿 ℎ⁄ = 0,2  𝑎𝑛𝑑   𝑎 = 1 [𝑚]. 

changes the scenario of the entire orientation of the elastic curve. This is even more evident 
in the values shown in Table 5, where the sign changes of the constant 𝐶2 occur at 
increasingly higher force values with the increase in span 𝑎, as this directly increases the 
eccentricity and the local bending moment. 
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Table 5 The values of the integration constants 𝐶1[𝑘𝑁𝑚2] and 𝐶2 [𝑘𝑁𝑚3] for different 
values and distributions of loading on an overhanging beam with additional eccentric 

axial loading of a nonstandard I profile cross-section. 

  
                          𝛿

ℎ
= 0,2 

 
 

 
𝑞 = 1 [𝑘𝑁/𝑚] 

 
𝐹[𝑘𝑁] 

𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1,5 1.6111111 −1.861111 11.625 −18.28125 34.888889 −71.77778 
2,0 −0.222222 −0.111111 7.5 −12.375 27.555556 −57.77778 
2,5 −2.055556 1.6388889 3.374999 −6.46875 20.22222 −43.77778 
3,5 −5.722222 5.1388889 −4.875 5.34375 5.5555556 −15.77778 
4,0 −7.555556 6.8888889 −9.00000 11.25 −1.777778 −1.777778 
4,5 −9.388889 8.6388889 −13.125 17.15625 −9.111111 12.222222 
5,5 −13.05556 12.138889 −21.375 28.96875 −23.77778 40.222222 
6,0 −14.88889 13.888889 −25.5 34.875 −31.11111 54.222222 
6,5 −16.72222 15.638889 −29.625 40.78125 −38.44444 68.222222 

𝑞 = 2 [𝑘𝑁/𝑚] 

𝐹[𝑘𝑁] 𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 
𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1,5 8.7222222 −8.972222 35.625 −54.28125 91.77778 −185.5556 
2,0 6.8888889 −7.222222 31.5 −48.375 84.44444 −171.5556 
2,5 5.0555556 −5.472222 27.375 −42.46875 77.11111 −157.5556 
3,5 1.3888889 −1.972222 19.12499 −30.65625 62.44444 −129.5556 
4,0 −0.444444 −0.222222 15.0000 −24.75 55.11111 −115.5556 
4,5 −2.277778 1.5277778 10.875 −18.84375 47.7778 −101.5556 
5,5 −5.944444 5.0277778 2.625 −7.03125 33.11111 −73.55556 
6,0 −7.777778 6.7777778 −1.5 −1.125 25.77778 −59.55556 
6,5 −9.611111 8.5277778 −5.62500 4.78125 18.44444 −45.55556 
7,5 −13.27778 12.027778 −13.875 16.59375 3.777778 −17.55556 
8,5 −16.94444 15.527778 −22.125 28.40625 −10.88889 10.444444 
9,5 −20.61111 19.027778 −30.375 40.21889 −25.55556 38.444444 

𝑞 = 3 [𝑘𝑁/𝑚] 

𝐹[𝑘𝑁] 
𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1,5 15.833333 −16.08333 59.625 −90.28125 148.6667 −299.3333 
2,0 14. −14.33333 55.5 −84.375 141.3333 −285.3333 
2,5 12.166667 −12.58333 51.375 −78.46875 134.0000 −271.3333 
3,5 8.4999999 −9.083333 43.12499 −66.65625 119.3333 −243.3333 
4,0 6.6666667 −7.333333 39.00000 −60.75 112.0000 −229.3333 
4,5 4.8333333 −5.583333 34.875 −54.84375 104.6667 −215.3333 
5,5 1.166667 −2.083333 26.62499 −43.031249 89.9999 −187.3333 
6,0 −0.666667 −0.333333 22.5 −37.125 82.6667 −173.3333 
6,5 −2.500000 1.416667 18.375 −31.21875 75.3333 −159.3333 
7,5 −6.166667 4.916667 10.125 −19.40625 60.6667 −131.3333 
8,5 −9.83333 8.416667 1.874999 −7.5937499 45.9999 −103.3333 
9,5  −13.50000 11.91667 −6.375 4.21875 31.3333 −75.3333 
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10,5 −17.16667 15.41667 −14.625 16.03125 16.6667 −47.3333 
11,5  −20.83333 18.91667 −22.8750 27.84375 1.9999 −19.3333 
12,5  −24.5 22.41667 −31.125 39.65625 −12.6667 8.6667 

Table 6 The sensitivity of sign changes of the integration constants 𝐶1[𝑘𝑁𝑚2] and 
𝐶2 [𝑘𝑁𝑚3] for different values of loading on an overhanging beam with axial 

eccentricity, a nonstandard I profile cross-section and total length 6 [𝑚] 

 
From the shaded values in Table 6, we observe that the change deflection orientation is 

very sensitive to small increases in the value of the force. Therefore, in this case of loading 
the overhanging beam with axial eccentricity, a very small increase of the value of the force 
plays a key role in changing the direction of the deflection. Between these small differences 
in the value of the force, there is also the phenomenon where the beam has no deflection at 
the free end. For example, when the force change value from 𝐹 =  4,0634 [𝑘𝑁] to 𝐹 =

 4,0635 [𝑘𝑁], for 𝑞 = 2 [𝑘𝑁/𝑚] , the negative value of the integration constant 𝐶2 =

 −0.0003222 [𝑘𝑁𝑚3] goes to positiv value of 𝐶2 =  0.00002778 [𝑘𝑁𝑚3]. Between these two 
values (negative and positive), zero occurs, indicating the value and distribution of loading 
that keeps the overhang without deflection. The same situation occurs for different values 
of specific loading 𝑞[𝑘𝑁/𝑚], but within a different narrow range of force values, as 
indicated by the shaded cells in Table 6.  

                                                                                                                             
     
   

𝛿

ℎ
= 0,2     𝑎 = 1 [𝑚]         
                                                                                                                            
 

 
𝐹[𝑘𝑁] 

𝑞 = 1 [𝑘𝑁/𝑚] 𝑞 = 2 [𝑘𝑁/𝑚] 𝑞 = 3 [𝑘𝑁/𝑚] 
𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1,0000 3.44444 -3.61111 10.5556 -10.7222 17.6667 -17.8333 
1,9393 0.00034444 -0.323561 7.11146 -7.43467 14.2226 -14.5458 
1,9394 -0.0000222 -0.323211 7.11109 -7.43432 14.2222 -14.5454 
2,0000 -0.222222 -0.111111 6.88889 -7.22222 14.00000 -14.3333 
2,0317 -0.338456 -0.0001611 6.77266 -7.11127 13.8838 -14.2224 
2.0318 -0.338822 0.00018889 6.77229 -7.11092 13.8834 -14.222 
3,0000 -3.88889 3.38889 3.22222 -3.72222 10.3333 -10.8333 
3,8787 -7.11079 6.46434 0.00032222 -0.646772 7.11143 -7.75788 
3,8788 -7.11116 6.46469 -0.0000444 -0.646422 7.11107 -7.75753 
4,0000 7.55556 6.88889 -0.444444 -0.222222 6.66667 -7.33333 
4,0634 -7.78802 7.11079 -0.676911 -0.0003222 6.4342 -7.11143 
4,0635 -7.78839 7.11114 -0.677278 0.00002778 6.43383 -7.11108 
5,0000 -11.2222 10.3889 -4.11111 3.27778 3.00000 -3.83333 
5,8181 -14.2219 13.2522 -7.11081 6.14113 0.0003 -0.969983 
5,8182 -14.2223 13.2526 -7.11118 6.14148 -0.000067 -0.969633 
6,0000 -14.8889 13.8889 -7.77778 6.77778 -0.66667 -0.333333 
6,0952 -15.238 14.2221 -8.12684 7.11098 -1.01573 -0.0001333 
6,0953 -15.2383 14.2224 -8.12721 7.11133 -1.0161 0.00021667 
7,0000 -18.5556 17.3889 -11.4444 10.2778 -4.33333 3.16667 
10,000 -29.5556 27.8889 -22.4444 20.7778 -15.3333 13.6667 
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It is worth noting that the sensitivity of the free-end`s deflection and constants 𝐶1 and 
𝐶2 to the concentrated force value in previous cases is logical since the position of the 
forces is on the overhangs.  

The next case of the overhanging beam, presented in Fig. 9, with the same nonstandard 
I profile and cross-section characteristics, has both concentrated force and distributed 
loading on the overhangs. The third diagram of elastic curves in Fig. 9 shows that for same 
value of the force 𝐹 = 1 [𝑘𝑁], deflection changes orientation between two close values of 
the specific loading 𝑞 = 1 [𝑘𝑁/𝑚] and 𝑞 = 2 [𝑘𝑁/𝑚]. This indicates that in the observed 
case of distribution of loading, the values of the integration constants vary with respect to 
the specific loading 𝑞 [𝑘𝑁/𝑚] values. From the shaded cells of Table 7, it is clear that with 
the increasing value of the concentrated force, the change in the sign of the integration 
constants occurs at higher values of specific loading for a shorter total length of the beam.  

Table 7 The values of the integration constants 𝐶1[𝑘𝑁𝑚2] and 𝐶2 [𝑘𝑁𝑚3] for different 
force 𝐹[𝑘𝑁] and distributions of loading 𝑞[𝑘𝑁/𝑚] values on a beam with distributed 

loading on overhang of a nonstandard I profile cross-section. 

                                                                                        
𝛿

ℎ
= 0,2              

𝐹 = 2 [𝑘𝑁] 

𝑞[𝑘𝑁/𝑚] 
𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1 −4.22222 4.013889 −7.6875 10.75781 −10.4444 18.88889 
2 −2.61111 2.36111 −2.25 2.39063 2.44444 −7.55556 
3 −1.00000 0.70833 3.1875 −5.97656 15.3333 −34.0000 
4 0.61111 −0.94442 8.625 −14.3438 28.2222 −60.4444 
5 2.22222 −2.59722 14.0625 −22.71094 41.1111 −86.8889 
6 3.83333 −4.25 19.5 −31.07813 54.0000 −113.3333 
7 5.44444 −5.90278 24.9375 −39.4453 66.8889 −139.7778 
8 7.05556 −7.55556 30.375 −47.8125 79.7778 −166.2222 
9 8.66667 −9.20833 35.8125 −56.17968 92.6667 −192.6667 

10 10.2778 −10.8611 41.25 −64.54687 105.5556 −219.1111 
11 11.8889 −12.5139 46.6875 −72.91406 118.4444 −245.5556 

𝐹 = 4 [𝑘𝑁] 

𝑞[𝑘𝑁/𝑚] 
𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1 −10.0556 9.68056 −20.8125 29.8828 −33.7778 64.2222 
2 −8.4444 8.02778 −15.375 21.5156 −20.8889 37.7778 
3 −6.8333 6.375 −9.9375 13.1484 −8.0000 11.3333 
4 −5.2222 4.7222 −4.5 4.78125 4.88889 −15.1111 
5 −3.6111 3.0694 0.9375 −3.58594 17.7778 −41.5556 
6 −2.0000 1.41667 6.375 −11.9531 30.6667 −68.000 
7 −0.38889 −0.23611 11.8125 −20.3203 43.5556 94.4444 
8 1.22222 −1.88889 17.25 −28.6875 56.4444 −120.8889 
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Table 8 The sensitivity of sign changes of the integration constants 𝐶1[𝑘𝑁𝑚2] and 
𝐶2 [𝑘𝑁𝑚3], for different values of specific distribution of loading on a beam with axial 

eccentricity, a nonstandard I profile cross-section and total length 8 [𝑚] 
                                                                                                                             

                                                                                                                                
 

 
𝛿

ℎ
= 0,2     𝑎 = 1 [𝑚]  

 
 

𝑞[𝑘𝑁/𝑚] 
 

𝐹 = 1 [𝑘𝑁] 𝐹 = 2 [𝑘𝑁] 𝐹 = 3 [𝑘𝑁] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1,0000 −1.305556 1.180556 −4.22222 4.013889 −7.13889 6.847222 
1.8103 −0.0000722 −0.15869027 −2.9167389 2.674643056 −5.83340556 5.507976389 
1.8104 0.0000889 −0.1588556 −2.9165778 2.674477778 −5.83324445 5.5078111 
2,0000 0.30555556 −0.472222 −2.6111111 2.361111111 −5.5277778 5.1944445 
3,0000 1.9166667 −2.125 −1.000000 0.708333333 −3.9166667 3.5416667 
3,6206 2.9165222 −3.150713889 −0.0001444 −0.31738056 −2.9168111 2.51595278 
3.6207 2.91668333 −3.150879167 0.00001667 −0.31754583 −2.9166500 2.5157875 
4,0000 3.5277778 −3.777778 0.611111 −0.444444 −2.3055556 1.8888889 
5,0000 5.138889 −5.43055556 2.222222 −2.59722222 −0.6944444 0.23611111 
5,4310 5.83327778 −6.14290278 2.9166111 −3.30956944 −0.0000556 −0.476236 
5,4311 5.83343889 −6.14306806 2.9167722 −3.30973472 0.0001056 −0.476401389 
6,0000 6.750000 −7.083333 3.8333333 −4.2500000 0.9166667 −1.4166667 

The observed trend of sensitivity in sign changes of the constants at higher values of 
specific loading 𝑞[𝑘𝑁/𝑚] with increasing force values is noticeable in Table 6 as well.  

 

9 2.8333 −3.54167 22.6875 −37.0547 69.3333 −147.3333 
10 4.44444 −5.19444 28.125 −45.4219 82.2222 −173.7778 
11 6.05556 −6.84722 33.5625 −53.7891 95.1111 −200.2222 

𝐹 = 6 [𝑘𝑁] 

𝑞[𝑘𝑁/𝑚] 
𝑎 = 1 [𝑚] 𝑎 = 1,5 [𝑚] 𝑎 = 2 [𝑚] 

𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 𝐶1[𝑘𝑁𝑚2] 𝐶2[𝑘𝑁𝑚3] 

1 −15.8889 15.3472 −33.9375 49.0078 −57.1111 109.556 
2 −14.2778 13.6944 −28.5 40.6406 −44.2222 83.1111 
3 −12.6667 12.0417 −23.0625 32.2734 −31.3333 56.6667 
4 −11.0556 10.3889 −17.625 23.9063 −18.4444 30.2222 
5 −9.4444 8.73611 −12.1875 15.5391 −5.5556 3.7778 
6 −7.8333 7.08333 −6.75 7.17187 7.3333 −22.6667 
7 −6.2222 5.43056 −1.3125 −1.19531 20.2222 −49.1111 
8 −4.6111 3.77778 4.125 −9.5625 33.1111 −75.5556 
9 −3.0000 2.125 9.5625 −17.9296 46.0000 −102.0000 
10 −1.38889 0.47222 15.0000 −26.2968 58.8889 −128.444 
11 0.2222 −1.18056 20.4375 −34.6641 71.7778 −154.889 
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Fig. 9 The elastic curve (𝑦 (𝑧) = 𝑓[𝑚]) of a beam with axial eccentricity and distributed 
loading on the overhang for different scenarios of loading values and combinations. The 

beam has a nonstandard I profile cross-section with   𝛿 ℎ⁄ = 0,2  and   𝑎 = 1 [𝑚]. 
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6. CONCLUSION 

In this study, we investigated the significance of integration constants for beam bending 
within the framework of linear elastic theory. We conducted a numerical analysis by 
employing the Clebsch procedure to explore various loading scenarios on overhanging 
beams. Our findings revealed that the values of integration constants fluctuated 
significantly in response to changes in loading conditions, indicating a direct relationship 
between the applied forces and the beam's deflection behaviour.  

We found that as the application of point loads and distributed loads varied, the 
resulting deflection patterns showed high sensitivity to both the magnitude and direction 
of the applied forces. Specifically, an increase in concentrated force 𝐹 led to a transition of 
the integration constants 𝐶1[𝑘𝑁𝑚2] and 𝐶2 [𝑘𝑁𝑚3] from negative to positive at certain load 
distributions, indicating a shift in deflection orientation. Moreover, we established that 
even minor alterations in the magnitude of the concentrated forces could lead to 
considerable changes in deflection behaviour. This phenomenon, known as "dog's tail 
movement", was particularly evident at the free-ends of overhanging beams, demonstrating 
the critical importance of accurately determining load factors in practical applications. 

Additionally, the study highlighted the correlation between integration constants and 
bending stiffness. The bending stiffness denoted as  𝕭 depends on the modulus of elasticity 
𝐸   and the moment of inertia 𝐼𝑥 of the beam's cross-section. The ultimate bending strength 
of steel is used to determine dimensions of the beams, ensuring that the bending stress 
remains below this strength. The height of the beam is determined based on the maximum 
bending moment for each type of beam, considering the load values and distribution. 
Overhanging beams with the same nonstandard I profile but different height and bending 
stiffnesses are individually dimensioned according to the varying loads and their effects on 
the maximum bending moment. The bending stiffness varies because the height is 
determined individually for each example, which influences the deflection of the beam. On 
the other hand, the values of the integration constants depend only on the position of beam 
supports and the type and distribution of the load, while the dimensions of the cross-section 
of the beam do not affect them. The variability in the values and signs of these constants is 
highly sensitive to small changes in load values and significantly affects the overall shape 
of the elastic line of the bent beam. The combined influence of bending stiffness and 
integration constants significantly determines the shape of the deflected beam. 

 Our numerical results were consistent with theoretical predictions, affirming the 
relevance of integration constants. The observed deviations fell within acceptable ranges, 
which validated the effectiveness of combining the Clebsch method with modern numerical 
techniques. Overall, these findings underscore the essential role of integration constants in 
understanding beam deformation, pointing to the necessity for further research into varied 
loading conditions to fully appreciate their implications in engineering design and 
applications. 

In future research, we plan to focus on a comparative analysis of the maximum 
deflections of beams for different load cases and their correlation with the values of the 
integration constants. So far, we have not considered this analysis because the maximum 
deflections depend on the shape of the beam's cross-section, and we have used the same 
shape, only changing the dimensions. In the next study, we will attempt to correlate these 
values and aim for the optimal selection of the cross-sectional shape that guarantees smaller 
deflections. 
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