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Abstract. We introduce two new fundamental rheological elements: a fractional-type
Newtonian viscous element with a fractional-order differential constitutive relation and
inherent energy dissipation, and a Faraday ideally elastic piezoelectric element
characterized by electrical polarization induced by mechanical deformation.
Using these elements, two new standard light rheological binder models are formulated:
the standard light Kelvin-Voigt-Faraday fractional-type model and the standard light
Maxwell-Faraday fractional-type model. Fractional-order differential constitutive
relations are derived for both models. The former exhibits the property of delayed
elasticity, while the latter demonstrates fractional stress relaxation.

Based on these models, two discrete rheological dynamical systems with fractional-order
behavior and piezoelectric properties are defined and their dynamics are investigated.
According to their dynamic characteristics, the systems are termed the fractional Kelvin-
Voigt-Faraday rheological oscillator and the fractional Maxwell-Faraday rheological
crawler.

For the Kelvin-Voigt-Faraday oscillator, Laplace transforms and approximate
analytical expressions for free and forced fractional-order oscillatory modes with
piezoelectric coupling are obtained. For the Maxwell-Faraday crawler, Laplace
transforms the independent generalized coordinates-one external and two internal-are
derived. The analytical results are illustrated by appropriate graphical representations.
Two theorems are formulated and proved.

In the concluding remarks, several analogies between fractional-type rheological
mechanical systems and rheological electrical dynamical systems with piezoelectric
properties are presented.

*Received: March 25, 2026, Accepted April 30, 2026.

Corresponding author: Katica R. (Stevanovi¢) Hedrih

Mechanics, Mathematical Institute of Serbian Academy of Science and Arts
E-mail: katicahedrih@gmail.com

© 2026 by Faculty of Mechanical Engineering University of Ni§, Serbia


mailto:katicahedrih@gmail.com
mailto:katicahedrih@gmail.com

Two new basic rheological discrete dynamic systems of the fractional type of piezoelectric property: the

Kelvin-Voigt-Faraday oscillator, and the Maxwell-Faraday crawler 47

Key words: Kelvin-Voigt-Faraday oscillator, Maxwell-Faraday creeper, Fractional type,
Internal degrees, Differential equations of fractional order, Laplace
transformation.

1. INTRODUCTION

Piezoelectric materials are characterized by coupled tensors of mechanical and
electrical states. In Refs. [3—6], the authors investigated the relationships between the
tensor components of mechanical stress and deformation and the electrical polarization
state for samples of various shapes and polarization directions, leading to important
theoretical and experimental insights. In Refs. [7-10], the properties and operating
principles of several devices employing piezoceramic tile exciters were presented. In such
devices, a significant role is played by longitudinal oscillations in concentrators of rod-like
form with variable cross-section, whose characteristics were studied and analyzed in
Refs. [11-13].

Ultrasonic oscillations excited by piezoelectric transducers are widely used in the food
industry, various metal-processing technologies, and ultrasonic cleaning applications. For
example, a ten-minute experiment involving ultrasonic excitation of wine in a glass—
performed with an ultrasonic exciter during the course of the Elastodynamics at the Faculty
of Mechanical Engineering in Ni§, over the period from 1978 to 2009—demonstrated an
apparent aging effect of the wine, comparable to that observed in wine stored for a long
time, on the order of a decade.

Today, the application of piezoelectric materials is widespread and continues to
expand across numerous fields of technology and medicine, ranging from sensors and
actuators to unconventional uses such as illuminated footwear soles, energy-harvesting
floors in entertainment venues, and bridge-mounted systems for collecting electrical energy
to supply lighting.

In this work, we introduce a new rheological element, referred to as the rheological
Faraday ideally elastic element with polarization capability and piezoelectric properties,
intended for the formation of complex rheological models of fractional-order materials.
This element will be described in greater detail later (see Fig.2d in the next chapter).
Accordingly, in this introductory section, we provide an overview of existing publications
on complex rheological models of fractional type, which are subsequently modified
through serial or parallel coupling with the newly introduced rheological Faraday element.

A review of the literature indicates that rheological models are most frequently
employed in the description of building materials, textile yarns, and various biomaterials.
The majority of published studies on rheological modeling of ideal materials focus on
classical complex rheological models, typically formulated in integral form, as
summarized, for example, in a chapter of the university textbook on elasticity theory [14]
(see Fig. 3 in the next chapter). Moreover, a substantial part of the literature addresses
applications in construction engineering, particularly for concrete and rock materials, as
well as in the textile industry, especially in processes related to cotton and yarn dyeing (see
Refs. [15-20]). These conclusions are based on an extensive review of scientific
publications and abstracts, analyzed using keywords such as rheological material models,
fractional-order constitutive relations, and fractional-type rheological dynamical systems.
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Classical linear rheological models, such as the Kelvin—Voigt and Maxwell models,
as well as the modified Burgers model, have been widely employed in the literature. In
Ref. [17], these models were applied to concrete in order to investigate its rheological
behavior. A comprehensive overview of basic classical simple and complex rheological
models is presented in Refs. [19, 20]. In particular, the classical Burgers model has been
used to describe the elongation and dilation of yarns with different compaositions, including
wool, cotton, and cotton—-wool blends.

More recent publications address biomaterials and the application of complex material
models to biological media; however, these studies are still predominantly based on
classical rheological frameworks, often supplemented by phenomenological modifications
of a largely descriptive nature, rather than by rigorous mathematical developments. For the
study of mechanical properties of biological materials, mathematical viscoelastic models
of polymers, suspensions, and gels have been shown to be particularly useful [21].

The implementation of fractional derivatives in modeling viscoelastic, elastoviscous,
and plastic material properties represents a modern and rapidly developing trend in
science [22-24]. General fractional-order Kelvin—Voigt and Maxwell models are
increasingly used to describe rheological phenomena in real materials exhibiting memory
effects. Fractional flow models have been applied to characterize time-dependent behavior
of non-Newtonian substances [24,26], while a unified rheological model for cells and
acellularized materials is presented in Ref.[27]. Data-driven approaches combining
fractional rheology with neural networks have been proposed for identifying viscoelastic
constitutive laws [28]. Within the fractional framework, thermomechanical models with
memory effects have been compared with classical Volterra theory [29].

A complete and integral theory of analytical dynamics of discrete hereditary systems
is presented in Ref. [30], including experimental procedures for identifying hereditary
kernels of various rheological materials. Generalized fractional-type dissipation functions
and extended matrix Lagrange equations are formulated in Ref. [31]. The authors have
previously investigated the dynamics of discrete oscillatory systems with one or more
degrees of freedom of fractional order, establishing analogies between mechanical and
electrical fractional oscillators in linear and nonlinear regimes [12].

Although fractional-order differentiation dates back to the era of Leibniz and the
Marquis de I’Hépital, its widespread application in science and engineering has emerged
only in recent decades. At present, several definitions of fractional differentiation exist,
including those of Caputo, Riesz, Marchaud, Grinwald—Letnikov, and Riemann—Liouville.
In this paper, we adopt Caputo’s definition, which we introduce explicitly as the
fractional-order differential operator employed throughout the analysis.

Within this framework, we introduce two new fundamental rheological elements:
Newton’s fractional-type viscous element, characterized by energy dissipation and a
fractional-order constitutive relation, and Faraday’s ideally elastic piezoelectric element,
which exhibits electrical polarization induced by mechanical stress and deformation. Using
these elements, we define two new standard lightweight complex rheological binding
models for rheological discrete dynamical systems: the Kelvin—Voigt—Faraday model and
the Maxwell-Faraday model, both of fractional type and possessing coupled mechanical
and electrical (piezoelectric) properties. Fractional-order differential constitutive relations
are formulated for each model.

By means of these standard lightweight rheological models, we construct two
fundamental rheological discrete dynamical systems connecting a material point (rigid
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body) to a fixed point. The first system, termed the fractional Kelvin—Voigt—Faraday
dynamical system with piezoelectric properties, represents an oscillator-type system with
one degree of freedom. It exhibits fractional-order oscillatory motion with fractional-type
energy dissipation, accompanied by electrical polarization and the corresponding electric
voltage response.

For the defined rheological dynamical systems, one inhomogeneous fractional-order
differential equation is derived for the oscillatory system, while three inhomogeneous
fractional-order differential equations are formulated for the second system. A
comprehensive dynamic analysis is carried out. The Laplace transforms of the independent
generalized coordinates of both systems are obtained, and spatial surface representations
are constructed in coordinate systems defined by the Laplace transform variable, the
fractional-order differentiation exponent, and the Laplace transform parameter. This
analysis is performed for both eigenmodes and forced modes under single-frequency
periodic excitation.

For the rheological oscillator—the fractional Kelvin—-Voigt-Faraday system with
piezoelectric properties—approximate analytical time-domain expressions are derived for
the eigenmodes and forced modes of the independent generalized coordinates. These
include the translational displacement of the material point (rigid body), as well as the
electric voltage and dielectric displacement of the Faraday element arising from
mechanically induced electrical polarization. Several theorems formalizing these results
are also established.

We use here the following definition of the derivation of the fractional order via the

differential operator of the fractional order, which we denote by D;* [0] (for detail see Refs
[22, 23, 24]).

2. TWO MODELS OF STANDARD LIGHT RHEOLOGIC BASIC COMPLEX IDEAL MODEL
FRACTIONAL TYPE, PIEZOELECTRIC PROPERTY INTRODUCTION

New, rheologic ideally viscous fluid generalized Newton element of fractional type is

with following differential constitutive relation fractional order in the following form:
O-Z,a = Ea Dta [gz] (1)

Such elements as basic rheologic Newton element of ideal viscous fluid element fractional

type and Faraday's ideal elastic and piezoelectric element with pure ideal properties, can

be combined into hybrid complex models, with Hooke-s ideal elastic element, where by

one ser of elements of basic materials can be connected in two ways:

a*serial — in a series, which is indicated by a horizontal line "-" between the elements;

and

b* parallel, which is indicated by a vertical line /" between the elements.

Fig. 1 shows a series of classic rheological complex models, which are known from
the literature, along next side two new series of modified rheological complex models,
fraction type, and piezoelectric properties. In Fig. 3, five completes, each by three models
and each containing: Classical complex rheological model of ideal materials with linear
Newton’s element of viscous fluid, a new complex rheological model of ideal materials
fractional type with new Newton’s element of viscous fluid, fractional type and a new
complex rheological model of ideal materials fractional type with new Faraday's ideal
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elastic and piezoelectric element are presented (see Refs [1, 2, 3]). In details: a) Classical
basic rheologic complex Kelvin-Voight model of elasto-viscous solid material; b)New
basic rheologic complex Kelvin-Voight model, fractional type, of elasto-viscous solid
material; c) rheologic Kelvin-Voight- Faraday's model, fractional type and piezoelectric
property-solid body; d) Classical basic rheologic complex Maxwell model of elasto-
viscous fluid material; €) New basic rheologic complex Maxwell model, fractional type,
of elasto-viscous fluid material; f) New rheologic Maxwell-Faraday's model, fractional
type and piezoelectric property, elasto-viscous fluid material; g) Classical basic rheologic
complex Lethersich's model of elasto-viscous fluid material; h) New basic rheologic
complex Lethersich's model, fractional type, of elasto-viscous fluid material; 1) New
rheologic Lethersich-Faraday's model, fractional type and piezoelectric property of elasto-
viscous fluid material; n) Classical basic rheologic complex Jeffrey's model of elasto-
viscous fluid material; m) New basic rheologic complex Jeffrey's model, fractional type,
of elasto-viscous fluid material; p) New rheologic Jeffrey--Faraday's model, fractional type
and piezoelectric property of elasto-viscous fluid material; r) Classical basic rheologic
complex Burgers model of elasto-viscous fluid material; s) New basic rheologic complex
Burgers model, fractional type, of elasto-viscous fluid material; t) New rheologic Burgers-
-Faraday's model, fractional type and piezoelectric property of elasto-viscous fluid
material.

Fig. 2 shows the rheologic models of basic complex materials from three basic
elements of ideal materials, fractional type and piezoelectric property. Modified rheologic
basic complex Kelvin-Voigt- Faraday's model of the fractional type, piezoelectric property,
presented in Figure 2.a, and denoted by K_/FY =(H/N,)/FY . Itis one of the two

basic r complex rheologic models of ideal materials, created from three basic elements of
ideal materials connected in parallel: Hooke's ideally elastic and modified rheologic
Newton's viscous fluid fractional type and Faraday's element with piezoelectric property.
see model presented at left part in Figure 2.a. Modified rheologic complex basic Maxwell-
Faraday's model of fractional type, is one of the two basic complex models of materials,
connected, three basic elements of ideal materials: Hooke's H ideally elastic and modified
rheologic Newton's ideal fluid N, fractional type and Faraday's element with piezoelectric
property, and has structural formula M, — FY = (H — N,) — FY, see model presented at
left part in Fig. 2.b.

In this work, we focus our research on two fundamental complex rheological models
of fractional order with piezoelectric properties, considered as standard lightweight binding
elements. These are:

(i) the standard lightweight complex rheological Kelvin—Voigt—Faraday model, a

fractional-type  viscoelastic ~ solid  with  piezoelectric ~ coupling, and

(ii) the standard lightweight complex rheological Maxwell-Faraday model, a

fractional-type elastoviscous fluid with piezoelectric properties.

For both models, we present the corresponding fractional-order differential
constitutive relations and analyze their fundamental mechanical and electromechanical
properties.
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Fig. 1 Five completes each by three models and each containing: Classical complex
rheological model of ideal materials with linear Newton’s element of viscous fluid, a new
complex rheological model of ideal materials fractional type with new Newton’s element
of viscous fluid, fractional type and a new complex rheological model of ideal materials

fractional type with new Newton’s element of viscous fluid, fractional type and a new

complex rheological model of ideal materials fractional type with a new Faraday's ideal
elastic and piezoelectric element

2.1. Differential constitutive relation of fractional order, new, standard light
rheological basic complex Kelvin-Voigt-Faraday's model, fractional type with piezo-
electric property

In the same Fig. 2.a, the structure of standard light rheologic basic complex Kelvin-
Voigt-Faraday's, fractional type, model with piezoelectric property, of elastic-viscous solid
material with decomposition is shown (right part of Fig. 4.a).
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The decomposition of the model, from the right part of Line 4.a, gives the possibility
of analyzing the component normal stresses and the resulting normal stress of that model.

FY Faradey

K,=(HIN,)
K,=(H/N,) [0

FY Farade FY Faradey

K,/FY :(H / N(Z)/ FY Y FY Faradey

b M, ~FY =(H-N,)-FY

a

Fig. 2 New generalized complex basic rheological models, fractional type, of ideal
materials with generalized Newton’a element, fractional type, of viscous fluid and
Faraday's element piezoelectric property: a) Generalized rheologic basic complex Kelvin-
Voigt- Faraday's, fractional type, model of elasto-viscous solid material with
decomposition; b) Generalized rheologic complex Maxwell-Faraday's, fractional type,
model of viscoelastic fluid piezoelectric property with decomposition of dilatation

The resulting normal stress o,(t) at the ends of that standard light rheologic basic
complex Kelvin-Voigt-Faraday's, fractional type, model with piezoelectric property, which
is composed of a modified Kelvin-Voigt's fractional type model, in parallel connection
with Faraday's ideal elastic piezoelectric property by the component elements, is equal to
the sum of the component normal stresses of the rheological elements connected in parallel
(see Fig. 2.a). The component normal stresses are of: Hooke's o, ;(t), Newton's o, 4 (t)
and Faraday's o, (t) elements, and their sum is equal to 0,(t) = 0, ,(t) + 0,,(t) +
JZ,F(t):

o,(t)=Ee,(t)+E,D{[¢,(t)]+E. &, (t) )

because the constitutive relations, the connection of normal stresses and axial dilatations,
are individually for each of those rheological elements: OzH (t): Egl(t),
O'M(t): EaDt"’[gZ(t)] and 77F (t):Ee‘gZ(t). In the preceding expressions, E , E,
and E_, are the material constants of the rheological elements in parallel connection: E

Hooke's, E, Newton'sand E_, Faraday's elements.

The electric voltage at the ends of Faraday's ideal elastic with piezoelectric
properties in the complex model is:

Vz(t):_go-z(t) 3)
Eqg. (2) represents a differential constitutive relation of fractional order, and we can write
it in the form:

o, ]2l @

E
e+—=2-D/|¢,|=
E+E, E+E,
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This inhomogeneous differential equation of fractional order (4) represents the
differential constitutive relation of the fractional order of the dependence of axial dilatation
&,(t) on normal stress g, (t), model standard light rheologic basic complex Kelvin-Voigt-
Faraday's, fractional type, model with piezoelectric property.

We can solve this inhomogeneous fractional differential Eq. (4) using the Laplace
transform. By applying the Laplace transformation to the inhomogeneous differential
equation of fractional order (4), we obtain the following algebraic equation:

Le,}= (LE{iI(Et); e ©)
CleE P

It is an algebraic connection between the Laplace transform of axial dilatation
L{gZ (t)} and the Laplace transform of normal stress L{O'Z (t)} standard light rheologic

basic complex Kelvin-Voigt-Faraday's, fractional type, model with piezoelectric property.
Now we develop the second factor from the previous Laplace transformation

L{gz(t)} of the axial dilatation 8Z(t), (5) in order by stems, using (see Reference [32]):

1 _ _ _
I:—:1+x+x2+x3+x4+x5+ ........... (6)
+ X

. . E . . E
and since the expression —<— p“ is much smaller than one, i.e., as —%— p° <<1,
E+E E+E

e e
we can expand the expression 1 into degrees and write that:
E X
1+—2p°
E+E, P
k
e [ ]pm 0
E
14+ _Fa pe E+E .)
E+E

e
Now, the inverse Laplace transform of the previous expression (7) is obtained in the
form of a function of time:

T S T S 1+Z kIOk” =Y (1) Ee S e
E, b’ E+E) = E+E, ) T(2k +1-ak)

1+
E+E

®)

Based on the property of three functions, which are in convolution and for which it is
valid that the product of the Laplace transforms of two functions is equal to the Laplace
transform of the third in convolution, we can write:

Lis, (1) = Lio, (t)} 1 _ '—{Uz(t)},L{f(t)} .
“YTErE) .. E, . (E+E) ©
e/ 1+ —« p e
E+E,

Based on the previous property of three functions in convolution (9) and the inverse

Laplace transformation of the factor that we determined in the form (8), we can write the
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expression for axial dilation az(t) in the normal stress o, (t) function using the integral
of the convolution is in the form:

gz(t)~az—(t)* i(_l)k( E, ]k F( 2k o)

~(E+Ee) k=0 2k+1—ak)

Or in the form

gz(t)z(;j;az(t_r i(_l){ E, ]r( N N

E+E,) ~ E+E, ) I(2k +1-ak)

The two previous convolution integrals (10) and (11) represent the integral forms of
the constitutive relationship of the connection of axial dilatation &,(t) and normal stress
o, (t) of standard light rheologic basic complex Kelvin-Voigt- Faraday's, fractional type,
model with piezoelectric property of polarization in Faraday's element.

Rheological Faraday's element, in of standard light rheologic basic complex Kelvin-
Voigt- Faraday's, fractional type, model with piezoelectric property due to deformation and
resulting axial dilatation €,(t) and loading into the resulting normal stress o,(t), passes
into a state of polarization and is an analytical approximate expression for electric voltage,
which appears in that element expressed in the form:

Vz(t)z_go-z(t)z_g.EO-Z(t_T) i(_l)k( i j F( T

— E+E, 2K +1-ak)

In the case of rest standard light rheologic basic complex Kelvin-Voigt-Faraday's,
fractional type, model with piezoelectric property and at a very slow load change, when we
can assume that the rate of expansion of the fractional type is small D" [gz]—>0 and

tends to zero, the material behaves as a basic ideally elastic material, Hooke's and Faraday's
and the normal stress of the material is almost proportional to the expansion

o, > Ee+E, ¢, respectively o, = (E+ Ee)gz.

(Z—a)k

dr (12)

— _ a
o,=0, +0 +0,1, = Ee +E, Dy [gz]+EegZ

zZ.a,2

D[e,] >0 = o0, —>EerE.e, o o, (E+E,)e, (13)
Vz(t):_go-z(t)

If the normal stress o, at the ends of a standard light rheologic basic complex
Kelvin-Voigt- Faraday's, fractional type, model with piezoelectric property suddenly rises
from zero to some finite value o, = 0, , = const, which remains constant in the following
time interval, then we are interested in the behavior of the model of this basic model of the
complex material.

If we assume that normal stress rises suddenly to some value and remains constant
0,0 = const, then it is:

Ee+E,e,+E,Df[¢,]=0,, =const (14)
The preceding relation (14) is the differential constitutive relation of the fractional order of
the deformation state standard light rheologic basic complex Kelvin-Voigt-Faraday's,
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fractional type, model with piezoelectric property under the action of constant normal stress
0,0 = const in the following time interval.

In order to find the time dependence of the dilatation &,(t) of the standard light rheologic
basic complex Kelvin-Voigt- Faraday's, fractional type, model with piezoelectric property,
we first apply the Laplace transform to the previous constitutive relation-differential
equation, fractional order (14), and obtain Laplace-oBe Tpancdopmarmje axcujamme

mumatammje L {8 ) (t )} ;

o 1 1
Lig,j=7—2=-—" 15
{gz} (E+Ee) p 1 Ea a ( )
+(E+Ee)p

This Laplace transformation L{gz(t)} of axial dilation &,(t) is the algebraic

equation of the constitutive relationship of axial dilation ,(t) and n constant stress o, , =
const over the studied model.

Approximate analytical solution for axial dilatation £,(t) as a function of time when
the standard light rheologic basic complex Kelvin-Voigt-Faraday's, fractional type, model
with piezoelectric property, is suddenly loaded with a constant normal stress o, , = const
and under that stress in the following time interval is determined using inverse Laplace
transformation gz(t): LflL{gZ }\ from the last expression (15).

Now, it is necessary to determine the approximate analytical expression for the time
function gz(t)= L_lL{gz}\, as the inverse Laplace transforms the previous expression

and cut it into the time domain.

o
R R e ()
(E+E.) p E, .«
1+ —2%—=p
(E+EQ
. - . 0,0 1 1

That is why it is necessary to develop the expression =
P

in order by powers of P, which is a complex number, using the form (6), and we obtain
the following expression:

oo 1 1 o, 8 E, )\ an
E+E,) p e\ EE) <+k§; [E+E)p]>
1JF(E:EE)'O

The inverse Laplace transform gz(t): L’lL{gZ}\ now gives an analytically

approximate expression for the time-domain axial dilation €,(t) for the standard light
rheologic basic complex Kelvin-Voigt- Faraday's, fractional type, model with piezoelectric
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property, model, when suddenly subjected to a constant normal stress o, , and kept under
constant normal stress in the following form:

oC

£,(t)=L"L{s,}= % 1+ (-1 (E+E)J Pt )t ()

k=1

Vz (t) =—-0Qo, (t)

The inverse Laplace transform (18) now gives an analytically approximate
expression for the dilatation ,(t) in a Faraday element in the standard light rheologic basic
complex Kelvin-Voigt-Faraday's, fractional type, model with piezoelectric property, in that
case suddenly subjected to a constant normal stress o, , = const in the time domain:

t(2—a)k+l

] 0,0 c K E, ‘
a.)= e = gy | 2D ((E+Ee)j rekr2—ak))

k
o oc ‘ E t(Z—a)k+l
g (t)=—"L<-(1+) (-1 @
(0= (E+E,) é( )[(E+Ee)] (2K +2—ak)
The electric polarization voltage in the Faraday element in the standard light

rheologic basic complex Kelvin-Voigt- Faraday's, fractional type, model with piezoelectric
property, in that case suddenly subjected to a constant normal stress o, , = const, is:

t(2—a)k+l

k
V,(t)=-go,,-(1
(1)=-g0,5 +Z (E+E )j T(2k +2-ak) )

The dielectric displacement, D, D,(t) = bo,(t) and D,(t) = eg,(t), in the
Faraday element in the standard light rheologic basic complex Kelvin-Voigt- Faraday's,
fractional type, model with piezoelectric property, in that case suddenly subjected to a
constant normal stress o, o = const, is:

Dz(t):eé‘z(t):eA.. 1+i(_1)k( E, )j (t(Z—a)k+1

(E+E,) = (E+E,)) T(2k+2-ak)

(21)

This model, the standard light rheologic basic complex Kelvin-Voigt-Faraday's, fractional
type, model with piezoelectric property, with the structure of parallel connection of the
basic rheological elements, has the characteristic of subsequent elasticity, when axial
dilation lags behind normal stress.

2.2. Differential constitutive relation of fractional order, new, standard light
rheological basic complex Maxwell-Faraday's model, fractional type with piezo-
electric property

In the same Fig. 2.b, the structure of the standard light rheologic basic complex
Maxwell-Faraday's, fractional type, model with piezoelectric property, of elasto-viscous
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fluid material with decomposition by component axial dilatations (right part of Fig. 2.b) is
shown.

The decomposition of the components of the axial dilatations of the rheological
elements of the model, from the right part of Fig. 2.b, gives the possibility of analyzing the

component axial dilatations of the Hooke elemet &, ,=¢, |, 1, the fractional type Newton

element £2¢ %242 and the Faraday element €2F7%2F 3 and the resulting axial
dilatation &,(t) of that model.

Modified rheological basic standard light Maxwell's model, fractional type M,
whose structural formula is M, = (H — N ), when entered into its structure, in a regular
connection, Faraday's ideal elastic and piezoelectric element gives the standard light
rheologic basic complex Maxwell-Faraday's, fractional type, model with piezoelectric
property.

That regular-serially connection of Hooke's ideally elastic element, and Newton's
viscous element, fractional type, and Faraday's ideal elastic and piezoelectric element, has
the property that, throughout the standard light rheologic basic complex Maxwell-
Faraday's, fractional type, model with piezoelectric property M, — FY = (H — N,) — FY,
the velocity of the resulting axial dilatation of the fractional type D/ [gz], equal to the

sum of the component velocities, fractional type, axial dilatations of the elements in a series

connection, Df[gle]:éDt“[o-z] Hooke's element, Dta[gm]:% Newton's element of

a

the fractional type and Dta[(c,‘ F]ziDg[o-] Faraday's element of ideal elastic and
Z. Ee z

piezoelectric properties.

The normal stress is the same throughout the entire standard light rheological
complex  Maxwell-Faraday model, of the fractional type, with the property of
piezoelectricity, so we can write the constitutive relations of each basic rheological element
in this series connection, so the wopman stresses are a function of dilation: of Hooke’s
element o, , =E¢,,,, of Newton’s element fractional type o,  =E, D [gm] and

O,r =Ee &, ¢ Faraday’s element ideal elastic with piezoelectric property.

The rate (velocity) of dilation Dta[gz] of the standard light rheological complex

Maxwell-Faraday model, of the fractional type, with the property of piezoelectricity is

equal to the sum of the rates of dilation of the fractional type Dt"[gm]=% Newton's

a

viscous element, fractional type, D?[s,,]= é D{[o,] Hooke's ideally elastic element

and [);l[gLF ] = Ei D/ [gz] Faraday's element, with the property of piezoelectricity, in the

form of:
Dta [‘92] = Dta [gz,H ]+ Dta [gz,a]_'_ Dta [gz,F] (23-a)
it follows that this sum is in the following form (see right partin Figure 2.6):
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UZ
E

We write the previous differential constitutive relation of fractional order (23) in the
following standard form:

1 1
Dta[gz]:EDta[az]_‘_ +E_Dta[az] (23.b)

a e

o) _ 1 pefe @)econst (0

o, O]+ = :
TR

The previous inhomogeneous differential equation of fractional order (24) gives a
differential relation of fractional order between axial dilatation &,(t) and normal stress
o, (t) of standard light rheological complex Maxwell-Faraday model, of the fractional type,
with the property of piezoelectricity.

Then, we apply the Laplace transformation to that inhomogeneous differential constitutive
relation, of the fractional type (24), and after applying the Laplace transformation, we write
the previous relation in the following form:

=9

el <1+ E(é +E1J pa>

Itis an algebraic connection (25) between Laplace transformations L{c)'Z } of normal stress

L{e, (t)} = const (25)

Gz(t) and L{Sz(t)} axial dilatation &,(t) of standard light rheological complex

Maxwell-Faraday model, of the fractional type, with the property of piezoelectricity.
We can write the previous Alebarian equation (25) in the following form:

L0} Bt O {2 S B B )| o

in which we expanded the second factor from (25) into a power-order P, using the

E E
development of (6) for small values of (E—”‘ + E“j p“ <<1, in the form:

e
p” a 1

o looE (B EDY L\ @D)
< [E E J ,l>:p < (E E J a>zp '<1+;(_1) (Ee+EJ P >
1+ =*+—=|p 1+ =*+—=1p
E E ' E

E

e e

The analytical approximate solution of the algebraic Eq. (25) is obtained by the
inverse Laplace transformation of the expression (26) and the convolution integral in the
form:

k
0. ()= E.U'L{e, (0L p° 1+Z(—1)“(%+E—gJ 0| @)
k=1 e
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k=1 Ee E
or

1

k
t t* o ‘ E T(s—a)kﬂ
- _ - - — a 29
o,(t)=E, [, 2.(t-7) r(z—a)+;( Y [(E+Ee)j ek 2—ak) /)" @

Let's now study the property of standard light rheological complex Maxwell-Faraday
model, of the fractional type, with the property of piezoelectricity, when the rate of normal

stress, fractional type Dt‘” [O'Z] change tends to zero, D{’ [az]—>0 the model behaves like a

viscoelastic fluid, because the deformation, that is, the axial dilatation &, of the fluid type,

grows indefinitely without increasing the load. When the model of standard light
rheological complex Maxwell-Faraday model, of the fractional type, with the property of
piezoelectricity, is unloaded, the deformation in Hooke's ideally elastic element and
Faraday's piezoelectric element completely disappears, while the deformation due to flow
in with a modified Newton’s viscous element-viscous fluid, of the fractional type in a
regular connection, does not disappear.

When the rate of normal stress D [az] of the fractional type of change in the

normal stress tends to zero, D{’[az]—>0, the model of the standard light rheological complex
Maxwell-Faraday model, of the fractional type, with the property of piezoelectricity
behaves like a viscoelastic fluid because: o, = E_, Dt"‘ [52] workload. When the model

of the standard light rheological complex Maxwell-Faraday model, of the fractional type,
with the property of piezoelectricity, is unloaded, the deformation in Hooke's ideally elastic
element and Faradey's ideally elastic and piezo-electric element completely disappears,
while the deformation due to flow in the modified Newton’s viscous element-viscous fluid,
fractional type in regular-serial connection, does not disappear.

If this model of the standard light rheological complex Maxwell-Faraday model, of
the fractional type, with the property of piezoelectricity,, is suddenly loaded to a certain

0.0
E+E,’
created instantaneously in Hooke's ideally elastic element and Faraday's piezo- electric
element, because due to a sudden load, immediately at the beginning of the observation of
the behavior of the model in the standard light rheological complex Maxwell-Faraday
model, of the fractional type, with the property of piezoelectricity, flow in the regularly-
serially connected modified Newton’s viscous element, fractional type - ideally viscous
fluid, fractional type does not come to the fore. If we prevent the development of
deformation-dilation, assuming that the rate of dilation, of the fractional type, tends to zero,

DY [52 ] — 0, then the normal stress is a function of time, which needs to be determined.

value of the normal stress a,, o, it will respond to an elastic deformation &, , =
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When the normal stress rate D" [GZ] of the fractional type of the standard light
rheological complex Maxwell-Faraday model, of the fractional type, with the property of
piezoelectricity, tends to zero, D/ [oz]—>0, then the normal mechanical stress tends to a
value proportional to the dilation rate (velocity) of the fractional type: &, — E_D/ [gz]:

D{’[az]—>0 = o, >E D/ [gz] (30)
In order to determine the functional dependence of the normal stress on time,

when we keep the model of the standard light rheological complex Maxwell-Faraday
model, of the fractional type, with the property of piezoelectricity, at some constant rate

(velocity) of axial dilatation, fractional type, {Dt“ [gz]zno}=const, and by use
differential constitutive relation fractional order (24),we write that:

1 o l [24 O- [24
EDt [oz]+E—Dt [02]+E—Z={Dt [gz]zno}:const (31)

Then, we apply the Laplace transformation to that functional dependence (31),
fractional type, which is differential constitutive relation, fractional order of consider
dynamic state of the standard light rheological complex Maxwell-Faraday model, of the
fractional type, with the property of piezoelectricity, and after applying the Laplace
transformation to the previous relation (31), we get:

Lo, }=E,D7[e,], )& L @)

p E, E,| ..
1+ ==+—=|p
E., E
The previous relation (32) is the algebraic connection of the Laplace

transformation L{GZ (t)} of the normal stress a,(t) in the model of the standard light
rheological complex Maxwell-Faraday model, of the fractional type, with the property of
piezoelectricity in conditions of prevented further development of axial dilatation
D¢ e, ], 0= const

Now, it is necessary to determine an approximate analytical expression for the
normal stress a,(t) as a function of time, in a the standard light rheological complex
Maxwell-Faraday model, of the fractional type, with the property of piezoelectricity, as the

e 24

inverse Laplace transformation o, (t): L’lL{GZ} of the previous expression (32) and

move from the complex domain of Laplace transform to the time domain.
That, it is necessary to develop the expression

E, {Dta[g ]Zo}l 1 in order by powers of P, which is a complex
p E, E, | .
1+ ==+—<1|p
E, E

E E
number, using the formula (6) as well as that is [E—“ + E‘”] p“ <<1, and we can write:
e
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k
Lio,}=~E, D¢ [«9“0} 1+Z ( EEJ p (33)
because
1 k
P L I ML P
1+ Ee . E+E .)
E+E,

The inverse Laplace transform &, (t)=L™"L{c,} of the previous expression

L{O'Z } (33), now gives an approximate analytical expression for the normal stress o, (t)

in the time domain, in the standard light rheological complex Maxwell-Faraday model, of
the fractional type, with the property of piezoelectricity, in the form of a power-order by
degrees of time, during model is under constant axial dilatation during time period when

model is under constant dilatation {Dt“ [82]2,,0}= const, in the form of:

o« k (2-a)k+1
o,(t)=L"L{o, )~ E, {D¢e, ], o ) {1+k§_l:(—1)k [E+EEa p] M} (34)

k
s E E t(Z—a)k+l
0,t)~E, Drfe,]o) 1+z<—1>k[—a+—ap] v
P E. E (

(2K +2—ak)

The previous expression (34) describes the temporal behavior of the normal stress
o,(t) model of the standard light rheological complex Maxwell-Faraday model, of the
fractional type, with the property of piezoelectricity, during the time period when the model
is under constant dilatation {Df‘ [‘9z]z,,o}: const. We see that with time that normal
stress g, (t) decreases and tends to zero, and this behavior of the model is called normal
stress relaxation.

Electric voltage of the polarization field:
Electric voltage polarization fields in Faraday’s element of the standard light rheological

complex Maxwell-Faraday model, of the fractional type, with the property of
piezoelectricity, during time period when model is under constant dilatation

{Dge,],.0)=const, is:

V,(t)=-go,(t)~—gE, {D¢[e, ZO}{HZ ( kar(zsz)k:lalo} (35)

V~-08, 0o e S s B |

And dielectric displacement of polarization fields in Faraday’s element of the
standard light rheological complex Maxwell-Faraday model, of the fractional type, with
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the property of piezoelectricity, during time period when model is under constant dilatation
{D¢[e,], 0} =const, is:

o« k (2-a )k
Dz (t): baz(t) ~ bEa {Dta [‘gz]z,,O}. 1+ Z(_l)k(Ea +i pJ I_,(tk (36)

~ E, E 2k +2—ak)

e
We can see from the previous solution (34), and from the graph of the relaxation
surface of the normal stress o, (t) that in that case the normal stress will asymptotically
decrease and tend to zero, as shown in Fig. 3. The occurrence of a decrease in normal stress
o, (t) with the passage of time at constant velocity of axial dilation, fractional type

{Dt“ [82]2”0}= const is called normal stress o,(t) relaxation, fractional type in model

of the standard light rheological complex Maxwell-Faraday model, of the fractional type,
with the property of piezoelectricity.

From expressions (34) and (36) we see that in the model of the standard light rheological
complex Maxwell-Faraday model, of the fractional type, with the property of
piezoelectricity, and polarization, and both electric voltage and dielectric displacement
express the properties of polarization relaxation, relaxation of electric stress and relaxation
of dielectric displacement OVfr time, thn the model is subjected to a constant rate of

22 —_—
fractional type axial dilation Dy'le, 2,0 = const.

For Concluding this part of this manuscript, in Fig. 3, the structure of two basic
rheological standard light complex models of fractional type and piezoelectriv property
and contributions of the properties in form of dilatation surfaces of subsequent elasticity,
i.e. normal stress relaxation surface is presented.

Fig. 3.a shows the structure of basic rheological standard light complex Kelvin-Voigt-
Faraday’s model of fractional type with piezoelectric property, which contains in its
structure parallel connected basic elements: Hooke's ideal elastic element and basic
Newton’s ideal viscous element of the fractional type and Faraday’s ideal elastic and
piezoelectric element. Fig. 3.b shows space surface of the subsequent elasticity (or
subsequent electric current) of the basic rheological standard light complex Kelvin-Voigt-
Faraday’s model of the fractional type in coordinate system axial dilatation (or electric
current), exponent of fractional order differentiation and time.

Fig. 3.c shows the structure of the basic rheological standard light complex Maxwell-
Faraday’s model of the fractional type with piezoelectric property, which contains in its
structure, connected in series: the basic Hooke's ideally elastic element and the basic
Newton's ideally viscous element of the fractional type and Faraday’s ideal elastic and
piezoelectric element. Fig. 3.d shows the normal stress relaxation surface (or electric
voltage relaxation surface) of the basic rheological standard light complex Maxwell-
Faraday’s model of the fractional type, in coordinate system normal stress (electric
voltage), exponent of fractional order differentiation and time.
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Fig. 3. The structure of two basic rheological standard light complex models of fractional
type and piezoelectriv property and contributions of the properties in form of dilatation
surfaces of subsequent elasticity, i.e. normal stress relaxation surface

3. TWO RHEOLOGICAL DYNAMICAL SYSTEMS FRACTIONAL TYPE WITH PIEZOELECTRICAL
PROPERTY

In the previous chapter 2, we defined two standard light rheological complex base
models, which we can use as connection models between rigid bodies in discrete systems
with one or more degrees of freedom of movement. We call such discrete systems, in which
the connection between rigid bodies is achieved by a single or a larger number of standard
light rheological models, discrete rheologic dynamic systems. In this chapter, through two
subchapters, we will theoretically study the dynamics of two models of rheological discrete
dynamic systems in which a rigid body, which moves translationally is bound by one of
the two, previously studied in chapter 2, standard light rheological basic complex models.
We call those two rheological dynamic systems: First, rheological Kelvin-Voigt-Faraday's
dynamic system of fractional type with piezoelectric property and show that it is a
rheological oscillator, fractional type with piezoelectric property and with one degree of
freedom of oscillation; Second, a rheological Maxwell-Faraday dynamic system of
fractional type with piezoelectric property and show that it is a rheological creeper-crawler
with flow, fractional type with piezoelectric property and with one external and two internal
degrees of freedom of movement-creep; Dynamics and motion of these rheological
dynamic systems and different, but in both cases their dynamics are described first by one
non-homogeneous differential equation of fractional order, and second by a system of three
non-homogeneous fractional-type differential equations.

3.1. The rheological Kelvin-Voigt-Faraday’s dynamical systems fractional type with
piezoectrical property

Rheological Kelvin-Voigt-Faraday's dynamic system of fractional type with
piezoelectric property, shown in the left part of Figure 4, consists of two material points
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(two rigid bodies) that move translationally on an ideally smooth plane, and are connected
to each other by standard light basic rheological complex Kelvin-Voigt-Faraday's model,
whose structure is shown on the right part of Figure

Material points are mass m,; and m,. The stiffnesses of the standard light basic
rheological complex Kelvin-Voigt-Faraday's model are ¢,, ¢, and c,. This rheological
system has two degrees of freedom of movement, but only one degree of freedom of
oscillation, one material point in relation to another, whose positions are determined by the
generalized coordinates x; and x,.

The observed rheological Kelvin-Voigt-Faraday dynamic system is subjected to the
action of a single-frequency periodic force F(t) =F ,sin(Qt + ¢,) acting through
another material point, as shown in Fig. 4.

The system of ordinary inhomogeneous differential equations of the fractional order
of the dynamics of the system from Figure 6, when the system is acted upon by an active
force F(t)=F ,sin(Qt + ¢, ), is (see Refs [24, 34-37]):

my (t) - clx, () - x, ()], D [, (t) - x(t)] = 0 (37)
m,X, (t)"' C[Xz (t)_ Xl(t)] +c, Dy [Xz (t)_ X1(t)] = F(t) ZFOSin(Qt + (Po) (38)

We introduce the following notations:
wg — (Co +Ce)(m1 +m2), wj _ Ca(ml +m2), c=C,+C,uh= m, (39)
mlmz m1m2 m1m2

and introduce a new independent generalized coordinate x(t) = [x,(t) — x,(¢t)], which
represents the relative displacement of one material point (rigid body in translator motion)
in relation to another.

The system of ordinary inhomogeneous differential equations of the fractional
order of the dynamics of the system from Figure 6, when the system is acted upon by an
active force F(t)=F ,sin(Qt + ¢, ), is (see References [24, 34-37]):

my, (t)— clx, () - x, (t)]-¢, D [, (t) - x(t)] = 0 (37)
m,X, (t)"' C[Xz (t)_ Xl(t)] +c, Dy [Xz (t)_ X1(t)] = F(t) ZFOSin(Qt + (00) (38)

We introduce the following notations:
C,+C. M +m c \m +m m
mlmZ mlmZ mlm2

and introduce a new independent generalized coordinate X(t): [X2 (t)— Xl(t)], which

represents the relative displacement of one material point (rigid body in translator motion)
in relation to another.
If we now multiply the first inhomogeneous fractional differential equation (37)

by m,, and the second (38) by M, , and then subtract the first from the second, we get an
ordinary inhomogeneous fractional differential equation of the form:
X(t)+ a)ozx(t)+ a)iDt“ [X(t)] =h Sin(Qt + goo) (40)
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K,=(H/N,)

|
Fe, =—{6o(x;=%)+¢,(6,-%) +¢,D¢ [(x,x, )]
F(t)=F,sim(Qt +¢,) K/FY,=(H/N,)/FY

V(t)=go, (1)

m;x? E, 2%(CO+CS)[(X2—X1)2] @, :%Can[(XZ_Xi)Z]

Fig. 4 Fractional-type rheological Kelvin-Voigt-Faraday discrete dynamic system with
piezoelectric property (left) and the structure of a standard light basic rheological
complex Kelvin-Voigt-Faraday bond model (right)

And if we add the differential equations of fractional order (37) and (38), we get
one ordinary differential equation of the form:

which by integration gives
K = m,%,(t)+ m,(t)= —%cos(gt 1 0,)+C, (42)

from which we conclude that the entire system, both material points (both rigid bodies)
move harmonically with an oscillatory amount of motion (harmonic oscillatory impulse).

However, the inhomogeneous ordinary differential equation of fractional order (40)
indicates that it is a rheological dynamic oscillator of fractional order rheological Kelvin-
Voigt-Faraday's dynamic system, whose coefficients (39) depend on the stiffness c,, c,
and c,. All three rheological elements, Hooke’s ideally elastic element, Newton's viscous
fractional type element and Faraday's ideally elastic and piezoelectric elements element,
connected in parallel.

The solution of this inhomogeneous differential equation of fractional order (40) can
be found in detail in Refs [22-24, 33], so we will not dwell on the details of the solution,
but will determine and list only the solutions and expressions whose analysis we will use
to explain the specifics of the dynamics of the rheological Kelvin - Voigt-Faraday's
dynamic system - rheological oscillator, which is subjected to the effect of a single-
frequency periodic force F(t) = F sin(Q2t + ¢,).
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The Laplace transformation applied to an inhomogeneous differential equation of
fractional order (40) gives one algebraic equation per unknown Laplace transformation

L{X(t)} of the unknown independent generalized coordinate of the rheological Kelvin-
Voigt-Faraday's dynamic system.
Now, the Laplace transformation L{X(t)} of the unknown independent generalized

coordinate x(t) of the rheological Kelvin-Voigt-Faraday’s dynamic system, of the
fractional type with piezoelectric property is in the form (for detail see Refs [22, 23, 24])

PX, + X, 1 Q
Lix;= +
8 PP+l +w’p® pPtal+a’p’ pt+Q? (“3)

Now, we can divide this expression (42) for the Laplace transformation L{X(t)} of
the independent generalized coordinate x(t) into two parts, the part corresponding to its
own free oscillations L{Xfree(t)} of the fractional type and the part corresponding to the
forced oscillations L{Xpart(t)} of the fractional type under the action of a sinusoidal
periodic force:

LX)} = LX)+ L %pare ) = L isin @)} L e ()} L ant))

Then, the analytical approximate solution of the previous non-homogeneous ordinary
differential equation, of fractional order (40), describing displacement of the dynamics of
the rheological Kelvin-Voigt-Faraday’s dynamic system, of the fractional type with
piezoelectric property, from the interval a« € (0.1) of fractional order differentiation, is of
the form (for details see Refs [22, 23, 24, 35]):

0 2]t—aj XO Xot
Zk 2k
kZ Z[ J o) L‘(Zk +1—aj)+F(2k+2—aj)}_

O

t, N [ K o,
h 2k 2k+1 (4
+J.o< sm( +¢’0><Z z(m) wgmf(2k+2—am)>dr

k=0 m=0
a<(0.1) (44)
Modes of eigen rheological oscillations are:

_1 _x 1) w22 ot X Xot 45
Xireelt) = L L{Xf,ee(t)}‘—g;,( ot Z(J P { (2k+1_aj)+r(2k+2—aj)}( )

Zkz A o\ (46)
o | T(2k +1-0j)
Skt Xt
katZsz o7 L‘(ZkﬁZ—ajJ 49

O

Xlikecos<t) =

S

Xlikesin(t):
k

Il
o
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The axial dilatation of the parallel-connected basic Faraday's ideally elastic and
piezoelectric element in the rheological Kelvin-Voigt-Faraday's dynamic system, of the
fractional type with piezoelectric property, is:

g, (t)= Xz(t)_ Xl(t) — X(t)

2 ty

1 gy eqees[ K| e2t” X Xt
t)=—2. Y ot b
. fo"zﬂ;( Jer JZ(;(J o F(2k+1—aj)+r(2k+2—aj) +
+£I‘<Sin(9 (t—z'))> i 2k 2|<+1Z —ZmT_aJ .
fo 0 0 mr 2k +2— aj)

k=0

(48)

Mechanical normal stress in parallel connected basic Faraday piezoelectric
element in rheological Kelvin-Voigt-Faraday's dynamic system, of the fractional type with
piezoelectric property, is:

Xt E, < k w22 th “ X, Xot
E =— 24t
o.(t)=E)= 0 1 ; %{ j ) { @k+1-aj) Tk+2-q) (49
E.h S K ok sk k 0"t
Q,t- -1 —_t—
0y j<sm( o T))><kzr;( fau's j:o[jngmr(2k+2—aj) !
The electric voltage of the electric polarization in the parallel connected basic
Faraday piezoelectric element in the rheological Kelvin-Voigt-Faraday's dynamic system,
of the fractional type with piezoelectric property, is:

V():—ga _ egz K ZktZKZ thaj Xy . Xt N
: ‘, = of’ | T(2k +1-aj) T(2k +2-qj) (50)

0

E hg > ook K 7"
t 1 __%e © )
J' sin(Q T))><Z( ) oilc JZ[ ']wgmr(2k+2—aj) ’

—o\J

Dielectrlc dlsplacement in the field of electric polarization in the parallel-connected
basic Faraday piezoelectric element in the rheological Kelvin-Voigt-Faraday's dynamic
system, of the fractional type with piezoelectric property, is:

E.b w22 th ! %o Xt
0,00 0- B0 S (oo S e Ml
E,hb i, . ., < W r? A T
+=t [ (sin(@(t ))><Z Z( Jwgmr(zmz aj)>d

k=0

D (t): or (t)zii ZKIZkZ ZJ'[ dj Xo + Xot N
: N . o) |T(2k+1-aj) T(2k+2-aj) (52)
eh /. . Kok o[ K w;szaj
oy <SIn(QO(t—r))><Z(—l) ot 2[ 'Jwgmr(ZK +2_aj)>dr

k=0 o\ J
The basic modes of dilatation, mechanical normal stress, electric polarization voltage
and dielectric displacement are attached to their own, similar to cosines and similar to
sinuses, fractional-type modes and forced modes, fractional-type piezoelectric properties,
dissipative properties..
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3.1.1. The graphical presentation of some characteristic properties of dynamics of the
rheological Kelvin-Voigt-Faraday’s dynamical systems fractional type with
piezoectrical property

In this sub-chapter, first, we will study and show graphically in the form of spatial
surfaces some properties and shapes of eigenmodes and forced modes of dynamics of the
rheological Kelvin-Voigt-Faraday oscillator, fractional type and with piezoelectric
property, and in coordinate systems with coordinate axes: elongation of eigenmode or
elongation of forced mode, exponent of the differential operator of fractional order
differentiation in the interval 0 < a < 1 and time.

Secondly, we will, also, study some properties of the Laplace transforms of the
eigenmodes and forced modes of dynamics of the rheological Kelvin-Voigt-Faraday
oscillator, fractional type and with piezoelectric properties.

Fig. 5 shown graphical set of space surfaces of characteristic eigenmodes, in the
coordinate system of the coordinate axes: elongation of eigenmode, exponent of the
differential operator of fractional differentiation in the interval 0 < @ < 1 and time. a)
and b) eigenmode "like sin™ and ¢) and d) eigenmode "like cos” mode for different
parameters of dynamics of the rheological Kelvin-Voigt-Faraday's dynamical systems
fractional type with piezoelectric property
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Figure 5. Graphical set of space surfaces of characteristic eigenmodes, in the coordinate
system of the coordinate axes: elongation of eigenmode, exponent of the differential

operatorof fractional order differentiation in the interval 0 <@ <10<a <1 ang time

Fig. 6 shown graphical set of space surfaces of characteristic eigenmodes and their
first derivatives in time, in the coordinate system of coordinate axes: elongation of
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eigenmode or elongation of their first derivative in time, exponent of the differential
operator of fractional order differentiation in the interval 0 < @ <1 and time. , a)
eigenmode "like cos" , b) the derivative of the eigenmode "like cos" (in the form minus
"likesin™), c) the eigenmode "likesin™ and d) the derivative of the eigenmode "likesin" (in
the form "like cos") for the corresponding parameters of dynamics of the rheological
Kelvin-Voigt-Faraday's dynamical systems fractional type with piezoelectric property.
Figs 7 and 8 present graphical representations of the spatial surfaces corresponding to
particular solutions of an inhomogeneous fractional-order ordinary differential equation.
These solutions describe the elongations of fractional-type forced modes for a rheological
oscillator with one degree of freedom, governing the forced oscillatory dynamics of the
fractional-order Kelvin—Voigt—Faraday rheological dynamical system with piezoelectric
properties.
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Fig. 6. Graphical set of space surfaces of characteristic eigenmodes and their first
derivatives in time, in the coordinate system of coordinate axes: elongation of eigenmode
or elongation of their first derivative in time, exponent of the differential operator of
fractional order differentiation in the interval 0 < @ < 1 and time

The spatial surfaces are depicted in a three-dimensional coordinate system defined by
the elongation of the forced mode, time, and the fractional-order differentiation exponent,
within the interval a € (0, 1). The results are shown for different values of the circular
excitation frequency. In particular, the cases 2, = 1, 2, = 2 and 2, = 10 are illustrated.
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Fig. 7. Graphical representation of the space surface of the particular solution of the
ordinary inhomogeneous differential equation, fractional order, which describes the

elongation Xpm(t) of the forced mode, fractional type, for an rheological oscillator with
one degree of freedom of forced oscillations, fractional type, of dynamics of the
rheological Kelvin-Voigt-Faraday's dynamical systems fractional type with piezoelectric
property, in the coordinate system: elongation xpm(t) of the forced mode, time and
exponent ¢ fractional order differentiation in the interval 0 < a < 1, , and for the
circular frequency ina) 2, =1and inb) 2, =2

Fig. 8. Graphical representation of the space surface of the particular solution of the
ordinary inhomogeneous differential equation, fractional order, which describes the

elongation Xpm(t) of the forced mode, fractional type, for a rheological oscillator with

one degree of freedom of forced oscillations, fractional type, of dynamics of the
rheological Kelvin-Voigt-Faraday's dynamical systems fractional type with piezoelectric
property, in the coordinate system: elongation Xpm(t) of the forced mode, time and
exponent ¢ fractional order differentiation in the interval 0 < a < 1, , and for the
circular frequency 2, = 10
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It can be observed that, for the selected parameters of the fractional-order oscillatory
system with one degree of freedom under forced excitation, the dynamics of the fractional
Kelvin—Voigt—Faraday rheological dynamical system with piezoelectric properties
exhibits a characteristic response. In particular, for frequency values around Q, = 0.5, the
particular solution displays a distinctive shape when compared with the cases
corresponding to lower and higher excitation frequencies over the same time interval.
Within this interval, excitation frequencies close to , = 0.5result in the smallest number
of complete oscillations, whereas both lower and higher frequencies of external forcing
applied to the mechanical and electrical oscillators produce a larger number of complete
oscillation cycles.

Finally, it is emphasized that all spatial surface plots representing the natural and
forced modes of the dynamics of the fractional Kelvin—Voigt—Faraday rheological
oscillator with piezoelectric properties also qualitatively characterize the corresponding
natural and forced modes of electric polarization of the Faraday rheological piezoelectric
element. These include the electric voltage and dielectric displacement, as well as the
associated mechanical stress and dilatation, which are therefore not presented separately.

As noted in the introduction to this subsection, we also investigate certain properties
of the Laplace transforms of the eigenmodes and forced modes of the dynamics of the
fractional Kelvin—Voigt—Faraday rheological oscillator with piezoelectric properties.
These properties are illustrated by spatial surfaces represented in coordinate systems whose
axes correspond to the Laplace transform of the elongation, the fractional-order
differentiation exponent ain the interval 0 < a < 1, and the Laplace transform parameter

So let's form a set of Laplace transforms of eigenmodes and forced modes of
oscillation dynamics of a rheological Kelvin-Voigt-Faraday rheological oscillator,

fractional type with piezoelectric property.
The set of Laplace transforms L{X } and L{X

of the oscillation dynamics of the rheological Kelvin-Voigt-Faraday rheological oscillator,
fractional type with piezoelectric property is:

p
L _ (53)
{ free,llkecos} pz +(a)§+a)i)+a)§ pa
1
L \X treelikesin | =
{ free,llkesm} pz +(a)(2,+a)§)+ a)i pa
The set of Laplace transforms L{XForced,sin} and L{XForced,cos} of the eigeandeS

of the oscillation dynamics of the rheological Kelvin-Voigt-Faraday rheological oscillator,
fractional type with piezoelectric property is:

} of the eigenmodes

free,likecos freelikesin

(54)

1 Q
= 55
L{XForced,sm} pz T (co§+a)§)+ 605 pa p2 i Q2 ( )
L{XForced,cos}: 2 L p (56)

p*+(wtal )+ & p” p?+Q°
The following graphs show the contour lines of the Laplace transforms of the

eigenmodes and forced modes of the fractional type with the piezoelectric property (Figs
9 and 10) for the dynamics of the rheological Kelvin-Voigt-Faraday’s dynamic system,
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from Fig. 4, as well as the surfaces of the Laplace transforms of the eigenmodes and forced
modes of the fractional type with the piezoelectric property in coordinate systems with
Laplace transformation axes, fractional order differentiation exponent and Laplace
transformation parameter p (Figs 11, 12).

3.2. The rheological Maxwell-Faraday’s dynamical systems fractional type with
piezoectrical property

Two rheological Maxwell-Faraday's dynamic systems of fractional type with
piezoelectric property, shown in the upper and lower parts of Figure 13, and both consist
of one material point (one rigid body) moving translationally on an ideally smooth plane,
and are bound by standard light basic rheological complex Maxwell-Faraday's model,
whose structure is shown on the left part of Fig. 13.

The material points of both systems are mass m and its position is determined by an
independent generalized coordinate X, which we will denote as the external independent
generalized coordinate of the system.

The stiffnesses of the standard light basic rheological complex Maxwell-Faraday's
model are c¢,, ¢, and c.. This rheological system has three degrees of freedom of
movement, but only one external degree of freedom of movement attached to that material
point (rigid body) that moves translationally, and two internal degrees of freedom of
movement that refer to the points of orderly-serially attachment of the rheological elements
of Maxwell-Faraday's orderly connection model,

04 B

(%) (9 02F B

ok S|

0 5 10 0 2 4 6 8 10

04 4

) o021 4

c- L{Xfree,likeos}, a=0 d- L{Xfree,likeos}, a=1

Fig. 9. Contour lines of space surfaces of Laplace transforms of eigenmodes, L{Xffea“kesi“}

and L{Xfreev"kws} and the parameter p of Laplace transforms, for the oscillatory dynamics
of the rheological Kelvin-Voigt-Faraday’s dynamic system, from Fig. 4, drawn using
analytical expressions (53) and (54) for the case when @ = 0, a and respectively « = 1, b
and d
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The observed rheological Maxwell-Faraday's dynamic system is subjected to the effect
of a single-frequency periodic force F(t) = F ,sin(Q2t + ¢,), as shown in Fig. 13.

The positions of the material point (rigid body) and points of order binding of the
elements of the rheological standard light Maxwell-Faraday's model determined by
independent generalized coordinates x , x, 1 and x,, ,.

It means that unlike the rheological Kelvin-Voigt-Faraday dynamic system with one

degree of freedom of oscillation, whose dynamics we studied in chapter 3.1, the rheological
dynamic systems, shown in Figure 13, has one external degree of freedom of movement
and two internal degrees of freedom movements, within the very basic complex standard
light rheological Maxwell-Faraday's model, fractional type, with piezoelectric property,
entered into the model by serial-order connections of structural elements.
Let us denote by x(t) the independent generalized coordinate, which corresponds to the
external degree of freedom of creep of material point (rigid body), and by x,,(t) and
xy,(t) the internal independent generalized coordinate, which corresponds to the internal
degrees of freedom of movement of the standard light rheological Maxwell-Faraday's
model, fractional type, with piezoelectric property.

04r 4

9 o021 -

o
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>
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C- L{XForcsd,likwms}’ a = O d_ L{XForced,Iikwcos }7 o= 1

Fig. 10. Contour lines of the space surfaces of Laplace transforms of forced modes for
the oscillatory dynamics of the rheological Kelvin-Voigt-Faraday’s dynamic system ,
from Fig. 4, drawn using analytical expressions (55) and (56), and the cases of single-
frequency periodic force action F(t) = F ysin(Q2t + ¢,) ,i.e.,and F(t) =
F o,cos(Qt + ¢,), for the case when @ = 0,aandc,i.e.a =1,bandd

In the points of the internal series coupling of the simple elements of the structure of the
standard light Maxwell-Faraday's model, of the fractional type, with piezoelectric property,
let us place two fictitious material points of mass equal to zero, i.e., m,=0and m ,-o0,

while we set a system of differential equations of fractional order.
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L {X free,likeos}

Fig. 11. Space surfaces of Laplace transforms of eigenmodes, and the Laplace transforms
parameter p, for the oscillatory dynamics of the rheological Kelvin-Voigt-Faraday’s
dynamic system, from Fig. 4, drawn using analytical expressions (53) and (54)

That system of inhomogeneous ordinary differential equations of the fractional type, which
describes the dynamics of the rheological Maxwell-Faraday's dynamic system, the model
shown on the upper part of Fig. 13, is in the form:

mX‘+caD‘i[x(t)—xuyz(t)]:Fosin(Qt+¢0) (57)
m,;X,, —Cy (Xu,2 (t)_xu,l(t))+ CeXu,l(t) =0 (58)
m, X, , — CaDoi [X(t)_xu,z(t)]+ Co (Xu,z (t)_xu i(t)) =0 (59)

For the second case, that system of inhomogeneous ordinary differential equations of the
fractional type, which describes the dynamics of the rheological Maxwell-Faraday's
dynamic system, the model shown in the lower part of Figure 13, is in the form:

ms + ¢, (x(t) -, ,(t) =F ,sin(Qt + ¢, (60)
m, ,X,; —C, (X(t)_xu,l(t))_ Co (Xu,z (t)_xu,l(t)) =0 (61)
M, 2%, — CaDO:[Xu,z(t)]"' Co(xu,z (t)-x, ,1(t)) =0 (62)
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Fig. 12 Surfaces of Laplace transforms of forced modes, (a and b) L{XFOrced"‘kwm} and

(cand d) L{XFOfced"ikesi”(t)} fractional-type oscillations, for forced oscillatory dynamics
of the rheological Kelvin-Voigt-Faraday’s dynamic system from Figure 4, drawn using
the analytical expression (56) and (55), and the cases of single-frequency periodic forces
action, F(t) = F qcos(Q2t + ¢) and thatis F(t) = F osin(2t + ¢,)

Now let's introduce the following tags:

W =2 0p =% =2 h, =10 (63)
m m m m

and the previous systems of differential equations of fractional order I rewrite in the form:
* First
%+ @D [x(t) —x, , ()] =hosin(Qt + ¢, ) (64)

a’o( u 2(t) Xu;(t))+a) X, 1(t) (65)

_a)aDt[X u2(t ]+a)0( u2() Xu,l(t))=0 (66)
* Second
%+ 0? (X(t) X, ; (t) ==h,sin(Qt + ¢, ) (67)

@f (x(t) %, (1) - 5 (x, o () —x,4()) = 0 (68)
_a)aDt[XUZ ]+w(u2() ()) (69)
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Fig. 13 Two fractional-type rheological Maxwell-Faraday discrete dynamical systems

with piezoelectric properties (one rheological dynamical system model upper part and

another rheological dynamical system model down part) and the structure of a standard
easy basic rheological complex Maxwell-Faraday's bond model (left)

Now, let's apply the Laplace transformation to both previous systems of fractional type
differential equations, so:
First, the system

Lix@K p*+oip) @l pLix, (t);= % +(po+%)  (70)
— a)gL{Xulz(t)}+ (6062 + a)e2 )L{Xu'l(t)} =0 (71)
Lix, (0 @ p+af) - dfLix, ()} = @ p Lix(t)} (72)

This system of non-homogeneous algebraic equations is equal to the unknown
Laplace transforms L{Xu;(t)}’ L{x(t)} and L{Xu,Z(t)}’ of unknown independent generalized

coordinates x(t) v Xu1 (t) and X, (t) , and we can solve in two ways. One is by Cramer's

rule and by the determinant of systems and modified determinants. The second one was
obtained by eliminating the unknowns from the other two equations.

Now, let's go over the determinants of the system and Cramer's law. The determinant
of the system is:
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(P+lp) 0 —0lp
Alp)= 0 (a)é +a)62) —-
e T A A R T

2a
A(p)=(pt+a? p? ) (@f + af Nl pr+ak )~ ) - 0l p™ (@ + @) (79)
while the other determinants are obtained by replacing the corresponding column in the
system determinant with a column of free members from the system algebra equations (70)-

(72), so it follows:

" 1 0 —a’p”
Ao(p)=<2°—Qz+(pxo+>'<o)>0 (@ +e?)  -af
pr+£2 0 - (a)2 P 4]
0 a 0

Ao(p)= < pzhj_%z + (pX0 + XO)><(a)§ + a)EZXa)j pa+a)02)— a)g> (74)

o (p2+a?p?) 1 —w?p”
Al(p)=<2°—+(pxo+>'<o)> 0 0 -a&

- a)i p“* 0 (a)j p”‘+a)02
h,Q
A(p)=dialp < e +(px, + x0)> (75)

. (p%mjp") 0 1
8= pren)) 0 fafar) ©
—w’p” - 0

a

h O .
Az(p)=w§p“(w§+w§)<p2°+gz+(pxo+xo)> (76)

From there, the Laplace transforms L{x(t)}, L{Xuyl(t)} and L{Xu,z(t)} , of the

unknown independent generalized coordinates X(t), Xu,l(t) and Xu,Z(t) , and of the
circle are unknown;

L) 2elP) <(a)§+a)§Xa)§p“+a)§)—a)g>< N2 +(px0+>'<o)> (77)

A(p) A(p) P2+ O
_A(p)_aalp®/ hQ .
L{Xui(t)}— (p) A(p) < 07+ QP +(pX0 + Xo)> (78)
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8y(p) _ @2p(af +a?) ] hy©
L{Xu,z(t)}: = 2 2
Ap) Alp)  \pP+Q

Now it is necessary to determine the inverse Laplace transforms: L™L {X(t)} the external
independent generalized coordinates {x(t)}, as well as the inverse Laplace transforms
L'lL{Xuvl(t)} and L'lL{Xu’z(t)}, of the internal independent generalized coordinates

+(px, + >'<o)> (79)

Xu,l(t) and X, , (t) and move to the time domain, but we will not deal with that task.

The axial dilatation of the series-connected basic Faraday ideal elastic and
piezoelectric element in the structure of the standard light Maxwell-Faraday's model,
fractional type, with the piezoelectric property (see the model from the upper part of Fig.
13) is:

o ()= X

£

x,,0) 1 o’ p”
g,(t)=—"2 = —L'Lx,(t)j=L" i « L*L{x(t)} (80)
() fo fo { u,l( )} (a)§+wezxa)§pa+a)§)_wg { ()}

The normal stress in the series-connected basic Faraday ideal elastic and
piezoelectric element in the structure of the standard light Maxwell-Faraday's model,
fractional type, with piezoelectric property (see the model from the upper part of Figure
13) is:

o,(t)=E.&,(t)=E %ult) EL'lL{xuyl(t)}: L'l{( AN }* LL{x(t)}

e 2 2 2~ 2 4
L, L, 5 + Xa)ap +@; )—a)o

(81)
The electric voltage of the electric polarization in the regularly connected basic
Faraday's ideal elastic and piezoelectric element in the structure of the standard light
Maxwell-Faraday's model, fractional type, with piezoelectric property (see the model from
the upper part of Figure 16) is:

E. .. } o’ p“ ]
V,(t)=-go,(t) === L"Lix,,(t)}=L" « « LML {x(t (82)
000,00V g o)
While the dielectric displacement due to electric polarization in the series-connected basic
Faraday ideal elastic and piezoelectric element in the structure of the standard light
Maxwell-Faraday's model, fractional type, with piezoelectric property (see the model from
the upper part of Figure 13) is:

D,0)=bo, 1= 2= L, 1) - L'l{ : @;p° } UL 63

2 Y. 2 @, 2
0 W, + @, Xa’ap +@, )_a)o

and
e . } o’ p“ ]
D,(t)=es,(t)=—L"Lix,,(t){=L" a x LT x(t
O=ea 0= S U0 o)
For the opposite order of binding elements of the standard light rheological Maxwell-
Faraday model, fractional type with piezo-electric roperty for the material point mass m,
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the model of the rheological Maxwell-Faraday dynamic system shown in the lower part of
Fig. 13, by applying the Laplace transformation to the system of inhomogeneous
differential fractional order equation (67)-(69), which describes the dynamics of that
rheological dynamic system, fractional type with piezoelectric property, gives a system of
inhomogeneous algebraic equations in the form;

Lix(t)p? +a)§)_w§L{xM(t)}=%+(pxo %) (84)
(a)g + a’ez )L {Xu,l(t)}_ a)g L{Xu 2 (t)}: a’ez L{X(t)} (85)
(@ — 2 p” L{x, ()} - L {x, ,(t)}=0 (86)

From the previous system (67)-(69) of three differential equations, to which we applied
the Laplace transformation and obtained an inhomogeneous system of algebraic equations
(84)-(86) by the unknown Laplace transformations of the unknown independent
generalized coordinates: the Laplace transformation L{x(t)} of the external independent

generalized coordinate {x(t)}, as well as the Laplace transformations L{xu‘l(t)} and

L{x,,(t)} internal independent generalized coordinates Xu,l(t) and X, , (t) By solving

that system of algebraic inhomogeneous equations using Cramer's rule for solutions, we
obtain all three Laplace transforms: the Laplace transform L{x(t)} of the external

independent generalized coordinate {X(t)} as well as the Laplace transforms L{x_, (t)}

and | {x,,(t)}, the internal independent generalized coordinates Xu,l(t) and X, , (t) the

dynamics of the rheological Maxwell-Faraday- of this dynamic system of the fractional
type, shown in the lower part of the figure 16, with the piezoelectric property, the following
form:

L{x(t)} = (X, +%) N
2, 2\ wé‘(wf—wip“)
O o Yok o))
1 h,Q
p2+QZ

(87)
+

(w+¢y« v} (0f ~2p”)

2 2,2 2 ha 4
a)0+a)eXa)o—a)ap )—a)0>

lvmm7( (2 —af p?)

g+ xwf —wp” )— a)4> (o) ®9

2 2
L{Xu,Z(t)}: <(602 _}_Q)ZX:;OC_OZ)Z pa)_a)4>
0 e (o (] (o

Now it is necessary to determine the inverse Laplace transformations: (L {x(t)}

L{x(t)} (89)

external independent generalized coordinate {X(t)} as well as inverse Laplace
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transformations L {x,,(t)} and L'L{x,,(t)}, internal independent generalized

coordinates Xu,l(t) and X, (t) and move to the time domain, but in this work we will

not on that, because it is a new not an easy math task at all.

The axial expansion of the serially connected basic Faraday ideally elastic and
piezoelectric element in the structure of the standard light Maxwell-Faraday's model,
fractional type, with piezoelectric property (see the model from the lower part of Figure
16) is:

x(t)-x,,0t) 1 .
£, (t)= =2 = = LI x(t) - x,, (t)} (90)
gO éO
The normal stress in the regularly connected basic Faraday's ideally elastic and
piezoelectric element in the structure of the standard light Maxwell-Faraday's model,
fractional type, with piezoelectric property (see the model from the lower part of Figure
16) is:

o, (0)=Ec, - £, 08By ) ) o
£ £
The electric polarization voltage in the regularly connected fundamental Faraday
ideally elastic and piezoelectric element in the structure of the standard light Maxwell-
Faraday's model, fractional type, with piezoelectric property (see the model from the lower
part of Figure 13) is:

x(t)-x,,0t) E, .
V,)=-g0,(0)= 08, 0 - g Bl fxt)-x,,0) @
0 0
While the dielectric displacement due to electric polarization in the regularly connected
basic Faraday ideally elastic and piezoelectric element in the structure of the standard light
Maxwell-Faraday's model, fractional type, with piezoelectric property (see the model from
the lower part of Figure 13) is:

Dz(t)zbaz(t)zbEeM:b% L) x4 (1) )
and
D, (1) ez, ()= VXV & 1 66y (1)

60 EO

By comparing the obtained expressions for both natural and forced motions of a
material point (rigid body), we see that the binding order of this structure of the standard
light rheological Maxwell-Faraday model, fractional type, has a great influence on the
resulting motion of the rheological Maxwell-Faraday dynamic system. In both cases, the
sequence of binding the structure to the resulting movement is the creep of the material
point, with the property of stress relaxation, and the dominant influence is on the piezo-
electric polarization, as well as on the electric voltage of the electric field, as a consequence
of dilation and stress.
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3.2.1. The graphical presentation of some characteristic properties of dynamics of the
rheological Maxwell-Faraday’s dynamical systems fractional type with piezoectrical
property

In this subsection, we also investigate several properties of the Laplace transforms of
the eigenmodes and forced modes of the dynamics of a rheological Maxwell-Faraday
dynamical system of crawler (creep) type, of fractional order and with piezoelectric
properties. These results are illustrated by spatial surfaces represented in coordinate
systems whose axes correspond to: the Laplace transform of the elongation, the
fractional-order differentiation exponent «in the interval 0 < @ < 1, and the Laplace
transform parameter p.

Accordingly, we construct series of sets of Laplace transforms corresponding to the
eigenmodes and forced modes of the crawler—creep dynamics of the fractional-order
rheological Maxwell-Faraday crawler—creep system with piezoelectric properties.

The set of Laplace transforms L{Xfree‘“kews} and L Xfree’”kesin} of the eigenmodes

associated with the independent generalized coordinate of the external degree of freedom—
in the unique dynamics of the fractional-order rheological Maxwell-Faraday crawler—creep
dynamical system with piezoelectric properties, depicted in the upper part of Fig. 13—are
given by:

1
L{Xfree,likesin(t)}= 7 20 (94)
p2+a)2 pe— ,p
“ (a)g +ay? Xa)j p“+a)§)— N
L{Xfree,likecos (t)}: p 4 2a (95)
pz+a)2 pe— w,pP
N Ry A ) S

The set of Laplace transforms L{Xqoceqsin(t)] @0 L{Xcoceqens(t)] OF the forced

modes of independent generalized coordinate of external degree of freedom of dynamics
of the rheological Maxwell--Faraday rheological crawler-creep dynamic system, fractional
type with piezoelectric property, presented in upper part of Fig. 13, is:

1 Q
(t)= (96)
L{XForced,sm(t)} p2+a)2 pa_ a)i pZa p2 + Q2
(e r el felptrag)-ap
_ ! P 97)
L{XForced,cos (t)} p2+a)2 pa_ (02 p2a pZ + QZ
(0 + o P prad ) - o

The set Of Laplace transforms L{Xu,l,free,likesin(t)} and L{Xu,l,free,likecos(t)} Of the

eigenmodes of independent generalized coordinate of first internal degree of freedom, of
dynamics of the rheological Maxwell--Faraday rheological crawler-creep dynamic system,
fractional type with piezoelectric property, presented in upper part of Fig. 13, is:
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B o’ p“ 1 (98)
L{Xu,l,free,likesin(t)}_ (wg n a)ez Xw; p”‘+a)02 )_ a)é < p2+a)2 pa—( Xa);1 pza )
“ o} + o’ \o? p*+at )- o
_ wip” p (99)
L{Xu‘l,free,likecos(t)}_ (a)oz + wez ij pzx+a)02)_ C()é < p2+a)2 pa_( xa);‘ p2a )
“ f +o? o> p+al )- w;

The set of Laplace transforms L{X, , rorceasin(t)} @0 L{X,  roreacos(t)} OF the forced

modes of independent generalized coordinate of first internal degree of freedom, of
dynamics of the rheological Maxwell--Faraday rheological crawler-creep dynamic system,
fractional type with piezoelectric property, presented in upper part of Fig. 13, is:

(100)

T T ; @

u‘l,Forced,sin(t - 2 2 2 ~a 2 4 4.2 2 2
a)0+a)eXa)ap +a)0)—a)0 24 7 @, p* pe+Q

p+aw,p ( 2 zx 2 a 2) 4

(2 +a)e a, p +a)0 — W,

204 101)
L orced,cos t = a)‘l p 1 p
{Xui,F d, ( )} ( 4 < p2+w§ pa_( 2 w4 p2{1 > pz + Qz

2 2\ 2na, 2
(2 +a)e Xa)ap +a)0 )—a)o M
4 zx 204y 2) 4
wy + W, N0, Pty |- @,

The set of Laplace transforms Lix,, o)) 3N LX, 5 reoreccs(t)]  OF the

eigenmodes of independent generalized coordinate of second internal degree of freedom,
of dynamics of the rheological Maxwell--Faraday rheological crawler-creep dynamic
system, fractional type with piezoelectric property, presented in upper part of Fig. 13, is:

( 2 2), 2 na 102)
L A wy + @, )GJ,,, p 1 (
{Xu.z‘free.llkesm(t)} w§<(a)§ i a)ez ij p"+a)§)— 0)3> 2 602 p2a
pre.p (a)g +w§Xa)§ p“+a)§)— ;)
~ (wz +wez Zpa p (103)
L{Xu,z,free‘likecos(t)}_ wg<(a)§ +;)ez ij pa+w§)_ a)g> 2 o w; pZa
p+eep (wg + ! |’ p"+a)02)— @,

The set of Laplace transforms L{X, , rorceasin(t)} @00 L{X, 5 rorceqcas(t)} OF the forced

modes of independent generalized coordinate of second internal degree of freedom, of
dynamics of the rheological Maxwell--Faraday rheological crawler-creep dynamic system,
fractional type with piezoelectric property, presented in upper part of Fig. 13, is:

(a)oz + a)z)wz p* 1 Q (104
L ) — e a
{Xu,Z,Forced,sln(t)} w§<(w§ + wezxwi p"+w§)— w§> <p2+a)2 p”‘—( : Zxa)%pza 2) 4> p2 +0?

“ Wy + o, \w, Pty )— o,

a 105
sy 0l 1 109
u,2,Forced,cos w§<(w02 o wez Xwi pa+w02)_ wg> < p2+w2 pa ( Xa); pzq ) pz 0?2

“ o} + o\’ pi+al )- o

The set of Laplace transforms L{xfree“km} and L{x free”kesin} of the eigenmodes of

independent generalized coordinate of external degree of freedom, of unique dynamics of
the rheological Maxwell--Faraday rheological crawler-creep dynamic system, fractional
type with piezoelectric property, presented in dawn part of Fig. 13, is:
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The set of Laplace transforms L{Xqoqan(t)} @0 L{Xeoceqcos(t)} OF the forced

modes of independent generalized coordinate of external degree of freedom of dynamics
of the rheological Maxwell--Faraday rheological crawler-creep dynamic system, fractional
type with piezoelectric property, presented in dawn part of Fig. 13, is:
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The set of Laplace transforms L{Xu,l,free,likesin(t)} and L{Xu lYfm’”kecos(t)} of the

eigenmodes of independent generalized coordinate of first internal degree of freedom, of
dynamics of the rheological Maxwell--Faraday rheological crawler-creep dynamic system,
fractional type with piezoelectric property, presented in dawn part of Fig. 13, is:
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The set of Laplace transforms L{Xu,z,Forced,sin(t)} and L{Xu,z,Forced,cos(t)} of the

forced modes of independent generalized coordinate of second internal degree of freedom,
of dynamics of the rheological Maxwell--Faraday rheological crawler-creep dynamic
system, fractional type with piezoelectric property, presented in dawn part of Fig. 13, is:
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The set of Laplace transforms L{Xu2freelikesin(t)} and L{Xuzfree"km(t)} of the eigenmodes

of independent generalized coordinate of second internal degree of freedom, of dynamics
of the rheological Maxwell--Faraday rheological crawler-creep dynamic system, fractional
type with piezoelectric property, presented in dawn part of Fig. 13, is:
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The set of Laplace transforms L{XU,Z,Force d,sin(t)} and |_{xu,2,Force d_ms(t)} of the forced

modes of independent generalized coordinate of second internal degree of freedom, of
dynamics of the rheological Maxwell--Faraday rheological crawler-creep dynamic system,
fractional type with piezoelectric property, presented in dawn part of Figure 13, is:
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In the next few Figs 14, 15 and 16, we will show only a small selection of the
characteristic surfaces of the Laplace transforms of the eigen and forced modes of creep
dynamics of a rheological Maxwell-Faraday dynamic system of crawler-creeper type,
fractional type with piezoelectric property, for external and internal creep degrees of
freedom.

a w | b w
L{X free,likesin}
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C ™ d M
L {X free likeos }

Fig. 14. Surfaces of Laplace transforms of eigenmodes, L{X ffee-“kesi"} and L{X"ee’"km}
fractional-type crawler, depending on the fractional-order differentiation exponent « in
the interval 0 < a < 1, and the Laplace transforms parameter p, for the crawler-creep
dynamics of the rheological Maxwell-Faraday’s dynamic system of crawler-creeper type,
fractional type with piezoelectric property, presented in upper part from Fig. 13, drawn
using analytical expressions (94) and (95)

cc

Fig. 15. Surfaces of Laplace transforms of forced mode, L{xForced,sm(t)} fractional-type

crawler-creep motion, depending on the differentiation exponent a of the fractional order
in the interval 0 < a < 1, and the parameter p of Laplace transforms, for forced crawler-
creep motion dynamics of the rheological Maxwell’s dynamic system, presented in upper
part from Fig. 13, drawn using the analytical expression (96), and the cases of single-
frequency periodic force action F(t) = F sin(Qt + ¢,)
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a

Fig. 16 Surfaces of Laplace transforms of forced mode, L{XFmed)'ikwws} fractional-type
crawler-creep motion, depending on the differentiation exponent « of the fractional order
in the interval 0 < a < 1, and the parameter p of Laplace transforms, for forced crawler-

creep motion dynamics of the rheological Maxwell-Faraday’s crawler-creep dynamic
system, presented in dawn part from Fig. 13, drawn using the analytical expression (108),

and the cases of single-frequency periodic force action F(t) = F ysin(02t + ¢,)

4, CONCLUSIONS

In concluding this paper, we summarize the main new results obtained in Subsections
2.1 and 2.2, where fractional-order differential constitutive relations were derived for two
standard lightweight rheological binding models: the fractional Kelvin—Voigt—Faraday
model with piezoelectric properties and the fractional Maxwell-Faraday model with
piezoelectric properties. It was demonstrated that the Kelvin—Voigt-Faraday model
exhibits the property of delayed (subsequent) elasticity, whereas the Maxwell-Faraday
model possesses the property of fractional stress relaxation. A comparative illustration of
these characteristic properties of the newly defined standard lightweight rheological
models is presented in Fig. 3.

Based on the results of the dynamic analysis presented in Chapter 3—specifically, the
rheological oscillator analyzed in Subsection 3.1 and the rheological crawler (creep
system) analyzed in Subsection 3.2—we formulate the following general result.

Theorem (Difference between rheological oscillatory and creeping dynamical systems
of fractional order with piezoelectric properties)

If at least one Newtonian fluid element of fractional type is connected in a regular
serial manner within the structure—without being arranged in parallel or intra-parallel
connection with any Hooke ideally elastic element or Faraday ideally elastic piezoelectric
element—then the resulting rheological dynamical system exhibits creep (yielding or flow)
dynamics and represents a complex creeping rheological model.

Conversely, if each Newtonian fluid element of fractional type is connected in parallel
or intra-parallel configuration with a Hooke ideally elastic element or a Faraday ideally
elastic piezoelectric element, then the corresponding rheological dynamical system
exhibits elastoviscous damped oscillatory behavior.

Furthermore, each regular serial connection of a Newtonian fractional-type fluid
element, a Hooke ideally elastic element, or a Faraday ideally elastic piezoelectric element
introduces one internal degree of freedom in the rheological complex model, in addition to
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the external degrees of freedom of the rheological dynamical system containing standard
lightweight rheological binding elements.

In the concluding part of the study, we also emphasize the analogies between
mechanical rheological dynamical systems and their corresponding electrical dynamical
counterparts. Based on these analogies, we introduce the following new terms:

-the rheological Kelvin—Voigt-Faraday electrical dynamical system, termed the
fractional rheological electric oscillator with piezoelectric properties (Figs. 4 and 17), and

-the rheological Maxwell-Faraday electrical dynamical system, termed the fractional
rheological electric crawler with piezoelectric properties (Figs. 13 and 18).

Clear mathematical analogies are established between the dynamics of the
corresponding mechanical and electrical rheological systems of fractional order with
piezoelectric coupling. In particular:

-the rheological Kelvin—Voigt-Faraday electrical oscillator (Fig. 17) s
mathematically analogous to the rheological Kelvin—Voigt-Faraday mechanical oscillator
(see Fig. 4 and the upper part of Fig. 13), and

-the rheological Maxwell-Faraday electrical crawler (Fig. 21) is mathematically
analogous to the rheological Maxwell-Faraday mechanical crawler (see Fig. 18 and the
lower part of Fig. 13).

Finally, new generalized complex fractional-order rheological electrical circuits are
introduced, incorporating generalized fractional resistor elements and Faraday
piezoelectric elements, as illustrated in Fig. 17. These circuits provide a unified
phenomenological framework for modeling coupled mechanical—electrical dynamical
processes in fractional-order rheological systems.

- E
T E, a0)= gV
v(t) 1 | ? Vi ra(t)= V, Sin(Qt + ;)
e o, (0)=E.s, (1)
on | l-Eal) RR,

a b

Fig. 17 Generalized rheologic basic complex Kelvin-Voigt- Faraday's, fractional type,
dynamic electric system of elasto-viscous electric oscillator, with one degree of freedom,
with property of polarization of Faraday's element with oscillatory dilatations a) for free

electric oscillations and b) for forced electric oscillations. Independent generalized
coordinate electric current | in electric circle; Property of relaxation of electric voltage
when electric current is constant (part of electric circle without inductive coil).
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) =—vi(t)

o—z(t): Eegz(t)
eea(t)= Vo sin(Qt +,)

<

a b

Fig. 18. Generalized rheologic complex Maxwell-Faraday's, fractional type, dynamic

system of viscoelastic creep motion model of elasto-viscous electric crawler, with one

external degree of freedom, and two internal degrees of freedom, and with property of
polarization of Faraday's element with creep dilatations a) for free creep motion in
electric dynamical system and b) for forced electric creeping motion; Independent

generalized coordinates electric currents, external coordinate electric current 1 and
internal coordinates two electric currents i; and i, in electric circle; Property of the
subsequent electric current when electric voltage is constant (part of electric circle
without inductive coil).

These two electrical circuits may also be regarded as conceptual designs of
piezoelectric ultrasonic exciters (transducers) intended for various technical applications
(see Refs. [7, 9, 10]). If mechanical concentrators—such as rods with variable
cross-section (see Refs. [11, 12])—are attached to the rheological Faraday element, thereby
amplifying the amplitudes of longitudinal oscillations at the tip (see Fig. in Ref. [10]), a
construction scheme is obtained for devices such as ultrasonic systems for homogenizing
components of phases that do not readily mix, for example, metallic alloys.

Furthermore, when such a system is attached to a tub, it can be used as a device for
cleaning and surface degradation of machine parts processed on a lathe using an oil jet, or
as an ultrasonic sprayer if a fluid is passed through the internal channel of the concentrator
(see Fig. in Ref. [10]).

Finally, about further research directions, we point to the investigation of the dynamics
of fractional-order rheological dynamical systems with piezoelectric properties and a finite
number of degrees of freedom, of either rheological oscillator or rheological crawler type.
One such research direction is illustrated in Figs. 22 and 23, where rheological
homogeneous chains are depicted: a rheological complex Kelvin—Voigt-Faraday
homogeneous chain of oscillator type (Fig. 19) and a rheological complex Maxwell-
Faraday homogeneous chain of crawler type (Fig. 20).
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Fig. 19. The rheological complex Kelvin - VVoigt-Faraday's dynamic system-
homogeneous chain of the oscillations, of the fractional type, piezoelectric properties,
with finite number of degrees of freedom

Co.Cy ,Co s 9

v, (t Vy(t)

%,5(t)

X6t

Fig. 20. The rheological complex Maxwell-Faraday's dynamic system-homogeneous
chain of the crawler type, of the fractional type, piezoelectric properties with finite
number of degrees of freedom
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