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Abstract. This paper presents fundamental applications of tensor calculus in point
mechanics, elasticity theory, and fracture mechanics. The inertial force is formulated in
vector form, and its contravariant and physical coordinates are derived in generalized
curvilinear coordinate systems. The stress tensor is presented in vector and tensor forms,
together with its physical, covariant, and contravariant components. The Lagrange strain
tensor is also discussed in curvilinear orthogonal coordinate systems.

Special attention is devoted to the kinematics of deformable bodies. The vector of the
total reduced transformation of an oriented infinitesimal line element is defined, and the
corresponding vector of proper rotation is introduced together with its physical,
covariant, and contravariant tensor coordinates.

The paper further outlines several basic concepts of fracture mechanics. The potential
energy density, the Eshelby energy tensor, and the J and M integrals are presented in
tensor form. Their physical interpretation is discussed, emphasizing the significance of
the J integral as a generalized force associated with crack propagation.

Key words: Tensor calculus, Covariant coordinates, Contravariant coordinates,
Material point, Deformable body, Stress tensor, Strain tensor, Rotation
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1. INTRODUCTION

Academician Tetomir P. Andeli¢ (1903-1993) is the author of a unique monograph (see
Reference [1]) on Tensor Calculus, in the Serbian language. It is still a unique reference,
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according to which many generations of postgraduate studies have studied Tensor
Calculus. He was, also, a professor of the first scientific course on Tensor Calculus in
Europe at the famous Center for Mechanics in Udine, Italy. His lectures were published in
Springer's publication (see Ref. [2], as well as Fig. 1). Here we, also, highlight Rational
Mechanics [2], as a companion publication of the application of Tensor Calculus in
individual chapters of Mechanics of systems of material points, which is still relevant
today.

Speinger-Verlag Berlin Heidelberg New York 1965

Figure 1. View of the cover and separate pages of the published Ref. [2] of the lectures
by Academician Tatomir P. Andeli¢, given on Tensor Calculus at the famous Center for
Mechanics in Udine, Italy

We emphasize Professor Dr. Eng. and Dipl. Mathematician Danilo P. Raskovi¢ (1910-
1985) as a pioneer who introduced tensor calculus among students of technical sciences at
technical and mechanical engineering faculties in Serbia and Yugoslavia through study
programs and excellent textbooks, almost scientific monographs on Kinematics and Theory
of Elasticity. (see Refs [4-6], as well as Figs 2 and 3). We emphasize that the Theory of
Elasticity, Ref. [5], as an Appendix contains a chapter on Tensor Calculus, adapted for
understanding by postgraduate students at technical faculties.

Prof. Dr. Katica (Stevanovi¢) Hedrih (1944- ), taught Electrodynamics to mechanical
engineering students at the Faculty of Mechanical Engineering in Ni§ and wrote the
textbook Selected chapters of Theory of Elasticity for full-time and postgraduate students,
in which she included her original results, which contain individual chapters of the theory
of elasticity presented in tensor form, as well as transformations of individual key equations
in curvilinear coordinate systems (see Refs [7-9]).
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OSNOVI TENZORSKOG RACUNA

Figure 2. Several characteristic pages from the publication Fundamentals of Tensor
Calculus by Damil P. Raskovi¢, Ref. [4]

Professor Akitsugu Kawaguchi, founder of the Tensor Society and founder of the
Tensor magazine, was born on April 8, 1902, and academician Tatomir P. Andeli¢, a year
later in 1903. They were almost peers in age.

Professor Akitsugi Kawaguchi, founder and life president of the Tensor Society and
founder of the unique Tensor Journal and the current president of the Tensor Society and
Editor-n-Chief of the Tensor Journal is Professor Tomoaki Kawaguchi, see Figure 4.

Academician Tatomir P. Andeli¢, and Professor and founder of the Tensor Journal,

Akitsugi Kawaguchi, founder of the Tensor society, collaborated scientifically, and in
1970, Professor Akitsugi Kawaguchi was a guest of Academician Tatomir Andeli¢ and the
Serbian Academy of Sciences in Belgrade.
Akitsugu Kawaguchi is the Founder of Tensor society and first president of the Tensor
society since 1938. Tensor society is of international nature. In 1970, after his participation
to the International Congress of Mathematicians held in Nica (France) on September 1-10,
he was invited to the V. Kongres matematiCara, fizicara i astronoma Jugoslavije (Fifth
Congress of Mathematics, Physics and Astronomy in Yugoslavia) held in Ohrid
(Makedonia, Yugoslavia) on September 14-19, as a guest and delivered a one-hour lecture
"On differential Geometry of higher order manifolds" there.

Afterward, the Serbian Academy of Sciences and Arts in Belgrade invited him to
deliver a lecture and then was invited by the University in Novi Sad in order to talk with
the staffs. Before this participation to the Congress in Nice, on invitation be visited the
Mathematical Institute in Oberwolfach (Schwarcwald, West Germany) in the end of
August.
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Hedrih (Stevanovi¢) Katica , Predgovor i indeks pojmov: (Preface, Index
notations and technical corrections and Reading proof): TEORIJA ELASTICNOSTI (Theory of elasticity) written by Raskovi¢
Danilo (Nautna Knjiga, Beograd , 1985)
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Figure 3. Cover of the publication Fundamentals of Tensor Calculus and Monography
Theory of Elasticity by Danilo P. Raskovi¢ (1910-1985), References [3, 4]; in the middle,
photographs of the author Danilo Raskovi¢ and reviewers Academician Tatomir P.
Andeli¢ (1903-1993) and Prof. Dr. Vlatko Bréi¢ (1919 -2000), as well as Prof. Dr. Katica
(Stevanovi¢) Hedrih, proofreader and editor of the Preface to the Theory of Elasticity,
and accompanying appendices and indexes (Note: the author passed away before the
publication of his work- Monograph)
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v

Cover of Journal Tensor (left): Professor Dr. AKitsugu Kawaguchi (1972-

1902) , founder and first President of Tensor Society and founder and first
Editor of Journal Tensor (middle); Professor Dr. Tomoaki Kaw:
(1935 -) present President of Tensor Society and Editor of Journal
(right) [Ad, A5]

Figure 4. Cover of Tensor Journal and photos of Akitsugu Kawaguchi, founder of Tensor
Journal, and Tomoaki Kawaguchi, current Editor-in-Chief of Tensor Journal

Figure 5. Photos of the President of the Tensor Society Tomoaki Kawaguchi and the
Editor-in-Chief of the Tensor Journal and Academician Radu Miron at the University of
"Alexander Ion Cusa" in Iasi, Romania, when the membership of Professor Katica
(Stevanovi¢) Hedrich in the Editorial Board of the Tensor Journal was announced
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At the University of Tokyo, a group of mathematicians collaborated on the "Natural
philosophy of Kazo Kondo", in which Akitsugi Kawaguchi and Tomoaki Kawaguchi were
important members and researchers, in addition to an even larger number of other Japanese
mathematicians. Academician Tatomir P. Andeli¢ was very interested in the scientific
results of that group and that theory, in addition to the field of Tensor Calculus.

Researchers from the Universities of Belgrade, Novi Sad and Ni§ collaborated with
these Japanese scientists and the Tensor Society and were members of the Tensor Society,
among whom author of this paper would like to highlight Academician Bozidar Vujanovi¢
and Academician Mileva Prvanovi¢. A number of them published their works in the journal
Tensor, which is highly scientifically valued and was on the list of MI SANU for evaluating
scientific results of projects in Serbia, before the creation of KoBSON. This cooperation,
established by Academician Taromir Andeli¢, was continued by younger generations, with
Professor Tomoaki Kawaguchi and the Tensor Society. An exceptional collaboration was
established by Professor Katica (Stevanovic¢) Hedrich, who, at the suggestion of the Editor-
in-Chief of the Tensor journal Tomoaki Kawaguchi and the leading member of the
Editorial Board, Academician Radu Miron, was appointed a member of the Editorial Board
of the Tensor journal, see Figure 5. At that time, Academician Mileva Prvanovi¢, a member
of the Editorial Board of the Tensor journal, congratulated her and explained that she
herself had been appointed to the Board as the successor to her late mentor. She also
emphasized that Katica Hedrih had been elected solely on the basis of her outstanding
scientific contributions to tensor applications in mechanics, which were highly appreciated
by Tomoaki Kawaguchi and Academician Radu Miron. It was a truly sincere
congratulation and a significant assessment of the scientific contribution, coming from an
academician of the Serbian Academy of Sciences and Arts, Mileva Prvanovi¢, remembers
Prof Katica Hedrih.

President Tomoaki Kawaguchi was an invited plenary speaker at the International
Symposium on Nonlinear Sciences held in 2003 in Ni§. Academician Mileva Prvanovi¢
and Katica (Stevanovi¢) Hedrich participated in a number of scientific conferences
organized by the Tensor Society and President Tomoaki Kawaguchi, which were held in
Japan, Romania and India. Some of these conferences were attended by some researchers
from Serbia, among whom were participants, for example at the Conference in Calcutta,
professors Ljubica Velimirovi¢ and Zoran Rakic.

The Department of Mechanics of the Faculty of Mechanical Engineering in Ni$
collaborated with scientists from the University of "Alexander John Cusa" in lashi who
were members of the Japanese Tensor Society. Among them, the most prominent scientist
was Academician Radu Miron, a regular member of the Romanian Academy of Sciences.
He was a visiting fellow at the Faculty of Mechanical Engineering in Ni$ in 2007, and at
the Mathematical Institute of the Serbian Academy of Sciences and Arts, together with his
collaborator Professor Camellia Frigioiu. On November 23, 2007, Academician Radu
Miron gave a lecture entitled: "Lagrangian and Finslerian Mechanics of Nonconservative
Mechanical Systems" at the Laboratory for Experimental Mechanics of the Faculty of
Mechanical Engineering in Nis.

Before that, he was a visiting fellow at the Mathematical Institute of the Serbian
Academy of Sciences and Arts. Radu Miron was an active member of the Tensor Society
and a member of the Editorial Board of the Tensor journal and a close associate and friend
of the President of the Tensor Society, Tomoaki Kawaguchi. Here we highlight his
monograph entitled: "Lagrangian and Hamiltonian Geometries — Applications to
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Analytical Mechanics”, Editura Academiei Romane and Editura Fair Partners, Bucuresti,
2011 (see Reference [49]). In that monograph he also cited the work of scientists from
Serbia. In the appendix is the Data Composition in the form of Fig. 6.

a) -

Figure 6. a) Portrait of Academician Radu Miron with signature; b) Cover of the
monograph " Lagrangian and Finslerian Mechanics of Nonconservative Mechanical
Systems"; C) Academician Radu Miron, lecturer and chair Professor Katica (Stevanovic)
Hedrich at the Department of the Romanian Academy of Sciences in lashi, during the
conference on differential geometry of the Tensor Society from Japan.

A Special Issue of the International Journal of Non-Linear Mechanics entitled
"Elements of Mathematical Phenomenology and Phenomenological Mapping in Nonlinear
Dynamics™ was published in Volume 73 (2015). The issue comprises papers addressing
different thematic aspects of nonlinear dynamics and highlights the importance of the
phenomenological approach in the study of physically diverse systems, see Ref. [10].

This paper presents a concise phenomenological overview of nonlinear functional
spaces, coordinate systems, and nonlinear coordinate transformations as fundamental
elements of mathematical phenomenology and phenomenological mappings.

It is noted that the concepts of Elements of Mathematical Phenomenology and
Phenomenological Mappings must start with difference between linear and nonlinear
transformations of coordinates and point out fundamental difference between two coupled
areas of sciences differential geometry and mechanics (including kinematics and
dynamics).

Mathematical Phenomenology and Phenomenological Mappings are captured in three
works of Professor Mihailo Petrovi¢ (1868-1943), a Serbian academician and
mathematician and large scientist, who was one of three doctoral students of world
important scientist Jules Henri Poincare (1854-1912). The specific title of his book in
French is “Mecanismes communs aux phénomeénes disparates”, Paris 1921. Also, titles of
two his first books in Serbian are very important (see Refs [11, 12]).

It is hoped that this paper will contribute to a broader understanding of mathematical
phenomenology and phenomenological mappings and will further promote the application
of nonlinear functional spaces and transformations in diverse scientific disciplines.

Linear and nonlinear transformations are important basic elements in tensor calculus
and applications of tensor calculus (see Ref. [13]).
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Starting from the notion of linear and nonlinear transformations, affine and functional-
nonlinear mappings of coordinates and coordinate systems, geometrical and kinematical
invariants along linear or nonlinear transformations their coordinates from one to other
coordinate system are pointed out in Ref. [13].

In a curvilinear coordinate system, coordinates of a geometrical or kinematical point
are not equal as coordinates of its corresponding position vector. Expressions of basic
vectors of tangent space of kinematical point vector positions in generalized curvilinear
coordinate systems for the cases of orthogonal and nonorthogonal curvilinear coordinate
systems are derived and presented in Ref [13]. Examples of expressions of basic vectors of
tangent space of kinematical point vector position in polar-cylindrical, spherical, parabolic-
cylindrical and three-dimensional-thee-parabolic system of curvilinear orthogonal
coordinates are, also, presented. Next, expressions of change of basic vectors of tangent
space of kinematical point vector position with time, also, are done. Geometrical
(physical), covariant and contra-variant coordinates of position vector of a kinetic mass
point, in a coordinate system determined by basic vectors of tangent space of this kinetic
point vector position, in generalized curvilinear coordinate systems, are pointed out and
determined. Original expressions of angular velocity and velocity of dilatations of basic
vectors of tangent space of kinetic point vector position, in generalized curvilinear
coordinate systems as well as in series of special orthogonal curvilinear coordinate system
are derived by author of this paper and presented.

2. APPLICATIONS OF TENSOR CALCULUS IN THE MECHANICS OF A MATERIAL POINT

We consider a material point N, a mass m, whose position in space at a given
moment in time ¢ is determined by a position vector #(t).
In order to define the essential concepts of the mechanics of a material point, we introduce
the following basic definitions: the definition of velocity #(t) and the definition of
momentum, as well as the definition of acceleration and the definition of inertial force (see
References [3, 6, 14].

Definition 1. The velocity ¥(t) of a material point is the limit value of the ratio of the
distance between two of its close positions N, and N, 4, the specified position vectors #(t)
and 7(t + At) and the time interval At, for which that material point moves from one to
another, when that time interval tends to zero:

B gL = iy [HA0TO 47 1)
At—0 At At—0 At dt
This means that the velocity ¥ of a material point at an instant in time ¢t is by definition
equal to the natural derivative of the position vector #(t) with respect to time t.
Velocity is a vector and as such is invariant.
The definition of velocity ¥ establishes a relationship between distance and time.

The dimension of the intensity of velocity is: dim v = LT, where L we denote the
dimension of length, whose unit is the centimeter ¢cm of length or meter, and the dimension
of time T, whose unit is second. The unit of velocity is ms™1.

Definition 2. The momentum g (t) of a material point at some instant of time ¢ is the
product of its mass m and its velocity vector #(t) at that instant of time ¢:

= def

pEmiv 2
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This means that the linear momentum (t) of a material point is a vector and as such is
invariant.

By defining the momentum of a material point, we have established the relationship
between mass, distance, and time. The dimension of the intensity of the momentum of a
material point is: dimp = MLT ', where M we denoted the dimension of mass, whose
unit is gram of mass g or kg kilogram of mass, with we denoted the dimension of length,
whose unit is centimeter of length ¢m or meter, and with T the dimension of time, whose
unit is second. The unit of momentum is (Ns).

Definition 3. The acceleration d(t) of a material point is the limiting value of the ratio
of the difference of its velocities #(t) and #¥(t + At) in two close positions N, and Ny 4.,
determined by the position vectors #(t) and #(t + At), and the time interval 4¢, for which
the material point moves from one to the other, when this time interval tends to zero:
ae lim=" = lim

v(t+A)-B(t) _ dv ®)
At—0 4t At-0 At

dt
This means, that the acceleration d(t) of a material point at an instant of time ¢ is, by
definition, equal to the natural derivative of its velocity vector ¥(t) with respect to time ¢.
Acceleration d(t) is a vector and as such is invariant.

The definition of acceleration d(t) establishes a relationship between distance and
time. The dimension of the intensity of acceleration is: dim a = LT 2, where L we denote
the dimension of length, whose unit is a centimeter cm of length or a meter m, and the
dimension of time T, whose unit is a second. The unit of acceleration d@(t) is ms=2.

Definition 4. The force of inertia ip(t) of a material point at some instant of time ¢ is
the product of its mass m and the oppositely directed vector d(t) of its acceleration at that
instant of time t¢:

Ip(t) & —m a(e) “

This means that the force iy(t) of inertia of a material point, at some instant of time ¢, is a
vector and as such is invariant.

The dimension of the force 7F(t) of inertia of a material pointis: dim Ir = MLT 2, where
M we denoted the dimension of mass, whose unit is gr gram of mass or kg kilogram of
mass, by L denoted the dimension of length, whose unit is centimeter of length or meter,
and by the dimension of time, whose unit is second. The unit of inertial force ip(t) of a
material point is kgms~2 or N (Newton).

If we consider a material point in three-dimensional E3 Euclidean space, the position
of that point is determined by a system of three mutually ordered independent quantities
q', i =1,2,3, denoted as generalized coordinates, and in the general case curvilinear,
coordinates of free points. Let the Descartes coordinates of the material point be x/, j =
1,2,3. We can also determine the position of that same point using curvilinear coordinates
vk, k=1,.23.

Let the relationship between some generalized coordinates ¢!, i = 1,2,3 and Descartes
coordinates x/, j = 1,2,3 be given by the expression:

x) = x/(q", q% ¢3); Det (g—zi) #0; i,j=123 (5)
then for the position vector of the material point we can write:
dit = &dx’ = g;dq" = £,.dy* i,j, k=123 (6)
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where €; are orthonormal vectors, of unit intensity, of the orientation of the coordinate axes
of the Descartes coordinate system x/, j = 1,2,3, and they do not change orientation; g; =

or . o . - i .
a_;i are the basis vectors of the curvilinear generalized coordinate system q', i = 1,2,3;

t, = 3—1 are the basis vectors of the curvilinear coordinate system y*, k = 1,2,3.
dy

According to the principle of causal determinism (see Refs [4, 5,14]), the motion of a
material point is uniquely determined by its governing parameters. The corresponding
physical quantities remain invariant regardless of the coordinate system used for their
mathematical representation. Based on the pre-principle of invariance of motion and the
properties of the motion of material points, it does not depend on the form of the statement,
because a truth about motion established and written down in a certain form of a language
is equally contained in a record of another form or another script. This means that we can
express the defined motion of a material point in different coordinate systems, and denote
it by specific real numbers for mass, time, and distance, but that all three realities are
invariant (see Ref. [13]).

The square of the arc element between two positions of a material point at an instant
intime tand t 4+ dt can be written as:

ds? = df - d7 = §;jdx'dx’ = g;jdq'dq’ = §;;dy‘dy’ @)
where:
1 i=j
8;j = {0 i#j ®)
Kronecker's delta symbols;
s s of  oF ax* ax!
gij:gi'gjza_qi'm: Kl oql og ©)

The previous expressions (9) are the coordinates of the basic metric tensor in E3, with
respect to the generalized coordinates q*, i = 1,2,3;

N _ 7 2 _0F 0F _ o oxkoxt

gij_ti'tj_a_yi'ﬁ_ KLy ay] (10)
The previous expressions (10) are the coordinates of the basic metric tensor in curvilinear
tree dimensional coordinate system, with respect to the generalized coordinates y*, k =
1,2,3.

2.1 The coordinates of the position vector in the generalized coordinate system.

Now the position vector of the material point can be written in the form:

F=égxl =grt i,j=123 (11)
where é; are orthonormal vectors, of unit intensity, of the orientations of the coordinate
axes of the Descartes coordinate system of coordinates x/, j = 1,2,3, and they do not
change orientation; g; = ;—qu. are the basis vectors of the curvilinear generalized coordinate
system with coordinates g%, i = 1,2,3; while r are the contravariant coordinates of the
position vector. Let:

7(q",q% q%) = éx/(q", 4% ¢°) = gr'(¢" 4% ¢®) L,j=123 (12)
By differentiating (12) with respect to the corresponding curvilinear coordinate q¢, i =
1,2,3, we obtain that the vectors g;, i = 1,2,3 are functions of the position of the material
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point and in general these vectors at each point N in space form a triad of generalized
coordinates - a vector basis for generalized coordinates q*, i = 1,2,3:

Gu(ah, g% q) = L) g 2 23 (13)
and these vectors are neither of constant intensity, nor do they always form the same angles
at every point in space, but they continuously change in intensity and direction from point
to point, by moving the material point through a series of successive positions in space.
By differentiating (12) in terms of the Descartes coordinate coordinates x/, j = 1,2,3,
respectively, we obtain the relation of the basis vectors €;, j = 1,2,3 to the basis vectors
gi» i = 1,2,3 of the generalized coordinate triad ¢°, i = 1,2,3, such that:

&(q'q% % = af(q;':f'qz) 2] _ 5 20 =123 (14)
Based on expressions (13) and (14), we can write relation (12) in the following form:

5 L gl A L .. :
P(xt, x2,x%) = GixJ a (J;x:; x3) _ Giri(xt, 22, x%),i,j = 1,2,3 (15) = [Formatted. Centered, Indent: First line: 0 mm
respectively
) . J(al o2 43 R
#(q,q%,¢%) = é’jx] (g%, q%,q%) = é"jrl(ql, a2,q%) ox (qﬁl;z a°) (16) < [Formatted. Centered
From the last relations we get:
. c9at(xl x2 53 .
ri(xl, x2,x3) = xJ aq (J;:; x ), ij=123 an - [Formatted. Centered
. . J(al g2 o3
% a®) = ri(ah % ) L) =123 (18)

aqt

The quantities 7 (x?, x2, x*) determined by expression (17) represent the covariant
coordinates of the position vector with respect to the system of curvilinear generalized
coordinates q%, i = 1,2,3. It should be noted here that the generalized coordinates g%, i =
1,2,3 of a point N and the coordinates r*(x*,x?2,x%) of the position vector of that same
point are not the same, as is the case with the Descates coordinates of a point and the
coordinates of its position vector.

2.2 The velocity of a material point in tensor form.

In vector form, the velocity of a material point is determined by definition in the form:
s @ _ 0P ddt oy d gy _drts o gdg (drt Y o i
Ve = aaar =94 = (g =gt —(dt +wjr )gl—vgl (19)
where we introduced the notation for the rotation tensor in the expression for the time

derivative of the basis vectors g;, i = 1,2,3.:

dg; i 8G; .i Lo
w=old; =500 = G (20)
as it is:
ag; o
50 = i} Gi | (21)
It follows that the coordinates of the rotation tensor w; are:
wi’ = n,ﬁqk (22)

The rotation tensor coordinates have the dimensions dim w! = T~1, and their unit is
sec™1, which is the unit of angular velocity, circular frequency, or incidence.
The covariant coordinates v%, i = 1,2,3 of the velocity vector ¥ are:
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. i P
vt = %+ (u}rf, i,j=1,23. (23)
The velocity of a material point may also be expressed as:
@ _dri o dg_ (or i) i
bl (aqj +755) 47 g; = v'g; (24)

from which it follows that the coordinates of the velocity vector in any system of
curvilinear coordinates can be written in the form:

oo Drtodrt (et )L

Vi=——="—"+rT,q'= —+ 1T (g’

dt  dt a oq! 4 [

(25

i
where Z—Tt the natural derivatives of the coordinates of the position vector with respect to
time. Now we denote by

i art i

|7jr‘ = B_q] + T'kl};c (26)
That is the covariant derivative V; of the contravariant coordinates r of the position vector
7 of a material point.
Intensity and the square of the velocity of a material point. The square of the velocity of a
material point is a scalar invariant and can be written in the form

2 _ (0F 9F\ .i.i Viso_ priprf
2w) = (a_qi'ﬁ) ‘¢ = 9i;4'¢ = gy ar dr (27)
The covariant coordinate 7;, j = 1,2,3 of the position vector # of a material point is
obtained as the scalar product of the position vector # and the basis vector g;, as:
5 = 5 oF

n=G4)= () 8)
Let us now determine the partial derivative of the covariant coordinate r;, j = 1,2,3 of the
position vector # of the material point in generalized coordinates q’, i = 1,2,3, based on

which we obtain:

ar; _(oF L, 0g; (=2 = - K=\ _ k

l,—qji— (B_qi'.gj)'l'(r'a_q:) =(gi-g;) + (F - G¥Gi) = g4 + T (29)
because % = Fl-j-‘g”k . From the previous relation (28) we can show that:

arj
Vi = a—qli - Tkl;lk = 9ij (30)

and this means that: the covariant derivative V;r; of the covariant coordinate 7; of the
position vector # of the material point in terms of the generalized coordinate ' is equal, by
the corresponding index, to the coordinate of the metric tensor.

Basis vectors g;, i = 1,2,3 have the property that they are covariantly constant. We prove
this in the following way: according to (20) it follows that:

dg; 9g; .j _ 90gi . k= i _ 5o
w "ol =559 ~ligkd’ =64’ =0 (31)
It also follows that:
L _ 9G; N
Vigi =505~ If G =0 (32)

This means that the covariant derivatives of the basis vectors g;, j = 1,2,3in the

generalized curvilinear coordinates g, i = 1,2,3 of the curvilinear coordinate system are
equal to zero.
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2.3 The linear momentum of a material point in tensor form.

Since, by definition, the linear momentum g of a material point is defined by
expression (2), and the velocity by expressions (23), (24) or (25), we can write the
following:
pEmb= m% = m(i—iﬁi + ri%) = m(gTr;‘FTkI}ij) @’gi=mv'g; (33)

We can also write:
P & mv = mg;q* (34)

The covariant coordinates p;, i = 1,2,3 of the linear momentum of the material point
in the generalized curvilinear coordinate system q‘,i = 1,2,3, based on relation (34), can

be written in the form:

pi =@ §) =m(g;- §)q’ = mgi;q’ = a;q’ (35)
In the last expression (35) we introduced the notation
a; =m(g; - §i) = mgy (36)

which represents the covariant coordinates of the inertia tensor of a material point in a
generalized coordinate system. These coordinates are moments of mass and have the
dimensions of mass if the generalized coordinates have the dimension of length, but if the
generalized coordinates are angles, then the coordinates of the inertia tensor can have the
dimensions of mass times the length squared.

2.4 Acceleration @ of a material point in tensor form.

In vector form, the acceleration d of a material point is determined by definition (3) in
the form:

S qer AV

.1 dg;
dae i29i

d 5 . . A 0Gi i
o = 2D = Gid' + 4" = 4'g + 54 @7
and taking into account relations (20) and (21) for the acceleration of a material point we
can write:
e @B ain | OFi i Pk 2
e =49+ 5754'¢ = (4" + L’ 4)3; (38)
The contravariant coordinates a!, i = 1,2,3 of the acceleration vector @ in the
generalized curvilinear coordinate system ¢, i = 1,2,3are:
at=(a-g" = (4" + L4’ 4*)(g" - §) = (§" + G’ %)6} = ¢' + I;.q7¢* (39)
The acceleration vector @ of a material point can be written using the coordinates of the
velocity vector (24) and in the following way:
Gar @ _ A ooy dvt o pdg (0 i) s
@@= 0g) =g+ v = (55 + v ) v (40)
from which it follows that the contravariant coordinates a', i = 1,2,3 of the acceleration
vector d@ in any system of curvilinear coordinates can be written in the form:
a = %\t/ = c:j—vt + Vv = (%Jrvkl‘k'j ]VJ
a (a1)
where l;—'; are the natural derivatives of the contravariant coordinates v%, i = 1,2,3 of the

velocity vector with respect to time.
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The covariant coordinates a;, i = 1,2,3 of the acceleration vector d in any curvilinear
coordinate system q%,i = 1,2.3 can also be written in terms of the square of the velocity
(v)? in the form:

2 2
o) o) @
L™ ae agt aqt
We can arrive at the previous expression in the following way: We differentiate the square
of the velocity (v)? = (# - ¥) by the derivative of the generalized coordinate ¢¢ with
respect to time, and we obtain:

3(@) ov o7
2 = ﬁ._= ”._=”.4.
oal = (V aqi) (V aqi) @-3g) (43)
as it is:
% _ oF _ o
21 = a1 = 0t (44)
Now, we differentiate the relation (43) with respect to time and we get:
w?
da(T)_aﬁaf_aﬁ L o
i =) =@ @+ (757) (45)
asitis:
d oF _ 9v
atoql = oql (46)
From the last term of relation (45) we now obtain:
2 2 2
2F) (5. 0y _a2F)_oF)

a =G0 =g = (0 30) = oa ~ o 47
which represents proof of relation (42) by which the covariant coordinates a;, i = 1,2,3
of the acceleration vector @ are expressed in terms of the square of the velocity (v)? of a
moving, in time, material point.

2.5 The inertial force fp(t) of a material point at some instant of time t.

Since the inertial force is defined by I.(t) & —m d@(t) relation (4) as Ip(t) &
—m d(t), then using the previously derived expressions for acceleration and its covariant
and contravariant coordinates, (38), (39), (41) and (42), we can write for the inertial force
ip(t) and its coordinates: The inertial force 7F(t) in vector form:

Ip 2 —md = —m % = —m(§' + [kq/4")g; (48)
and its contravariant coordinates in the generalized curvilinear coordinate system ¢f, i =
1,2.3 are:

Iy = (Ip- §') = -m(@@- gH = -m(§' + Gid/4") (49)
or inertial force in vector form:

> N d, - vl i\ T

Ip 2 —md =-m_('g) =-m (ﬁv}_ + v"l"k‘j) v'g; (50)

and its contravariant coordinates in the generalized curvilinear coordinate system:
i ; Dv' av' o' )
IL=—ma' =—m——=—m| — + [}vV* | = —m| —+ V[ v/

dt da " oq’ !
(51)

and finally, the covariant coordinates of the inertia force in the generalized curvilinedr
coordinate system are:
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aﬂ a@ a @ a @
Iy = -ma; = —m |2 g;)- (a;i) =-2 (';f ) (";qf) (52)

or through the kinetic energy 2E, = m(v)? of the material point, we can write these
covariant coordinates in the form:
d d(Eg) _ 0(Eg)

dt a4t aqt (53)

3. APPLICATION OF THE TENSOR CALCULUS IN THE THEORY OF ELASTICITY AND
CONTINUUM MECHANICS

3.1. Basic concepts of the model of the state of stress and the state of deformation
of a deformable body

Stress tensor - is a second-order tensor whose elements are the normal stress
components of tension or compression and the shear stress components at some point of a
stressed body, and for three coordinate surfaces, or the plane through that point. The stress
tensor can be represented using physical coordinates, or using coordinates in contravariant
form ¢™™, covariant form a,,,,,, or mixed form a;*.

The stress tensor is associated with a reference point of a stressed body and, in general,
varies from point to point of a stressed body. The stress tensor can be represented by a
matrix associated with a point of a stressed body, and its columns are composed of the
column matrices of total stresses p,, for the corresponding coordinate surface, or plane,
through that point. In the form of a total stress vector g,, which depends on the type of
external load and the geometric properties of the stressed body, as well as the points of the
body and the surface (or its tangent plane), or the plane with the corresponding normal
oriented unit vector 7§ = n, G*. The stress tensor can be represented as a vector associated
with a point on a stressed body and the surface through it, using the corresponding vectors
of total stresses py at that point for the coordinates of the surface with normal ¥ through
that point in the form (see References [4, 5, 7]):

By = mﬁjknk (54)
which represents the generalized Chauchy equations. On a contour surface, these equations
translate into Cauchy boundary or contour conditions. As the total stress vector for a
coordinate surface can be represented by three components in one of the above forms,
physical coordinates, or by coordinates in contravariant form ™™, or covariant form o,
or mixed form g;*, the previous Cauchy equations can be written in the form:

B = 0" G (55)
The relationship between the covariant a,,,,, and contravariant ¢™™ coordinates of the stress
tensor g, is:

Okm = gkzgijl} (56)
The Navier equations of dynamic equilibrium (including rest) of a stressed deformable
body subjected to volumetric forces are:

MG + PFy = P OF GG + PF™ Gy = p o
Or in the form:

(7

km >

> 92 >
0k Gm + PF" G = p 5z W Grn) (58)
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Or in the form:
km = mz %um
0k Gm + PF™ G = p =5 Gm (59)
Or in the form:
k™ 4 pF™ = pii™ (60)
where the notation for the covariant derivative of the contravariant stress tensor is
introduced:
cr”'j = %4— I;:na'"i + F,,iljaji (61)
where I;7* Christoffel symbols are of the second type.
The relationship between the physical o;;) and contravariant o/ coordinates of the stress
tensor, which is of second order in an orthogonal curvilinear coordinate system, is given
by:
i 1
a' =rAj i) (62)
using Lamé coefficients A;:

N —— PooF 2 2 z \?
A= 160=VGodd = ((Z.2) = o = (&) +(2) +(Z) ©
The strain tensor is a second-order tensor whose elements represent a measure of the
deformation of a stressed deformable body based on a comparison of line elements from
the configuration of the stressed and deformed body and the reference configuration of the
natural state, and by determining the difference in the square of the lengths of their line
elements. Depending on whether we express this tensor in the system of curvilinear
coordinates of the reference configuration of the natural state or the reference configuration
of the stressed and deformed state, we obtain two relative deformation tensors, namely:
Lagrange's symmetric, second-order, relative deformation tensor ¢; and Euler's
symmetric, second-order, covariant, relative deformation tensor &;, respectively. The
relationship between these relative deformation tensors can be written in the form (see
References [4, 5, 7]):
(d3)? — (ds)? = 2edx™dxk = 28, dx"dxk (64)
In the future, we will use Lagrange's symmetric, second-order, relative
deformation tensor &;;, which can be expressed using the derivative of the coordinate

displacement vector § = u'g; = w; g’ = u){; in the following form:
1[(- 83 L 93 25 33
aw=3[(0nge) * (Gorn) + Groam)] _ (65)
Considering that the covariant derivatives of the contravariant and covariant coordinates
of the displacement vector are of the form:

i oul i
u.li = axJ + {k ]} uk (66)
_ 0y k
Wij = o ~ i ji U
(67)

where 1}}‘ = {ikj} is the Christoffel symbol of the second kind in the curvilinear coordinate

system x*. For the case of small deformations, this relative deformation tensor has the form:

1 1|0u; ouj k
&y =g lwy +wd =3 |5+ 5 - {i j}”k] (68)
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The volumetric deformation at some point of a rectangular deformed body is:
L L . an |
& =0 ;=0";=¢ :8x‘+{k }UK
] (69)

The physical coordinates ¢, of the Lagrange relative deformation tensor in the
curvilinear orthogonal coordinate system g’ are:

1 [o 9 K . - First line:
gujy = €&y = A [a_q] (Aup) + a7 (A]u]) — 24 ug {/ 1}] (70) < [ Formatted: Centered, Indent: First line: 0 mm
where the Christoffel symbols of the second type are in the form:
i { ) 19
{i k} =LY =g" Ty = 277 5qk AD% (11)

while {/lk} = I;-"k = 0 they are for the orthogonal coordinate system

3.2. Extension of the Rotation Tensor of the Deformable body and vector angle
of rotation of line element

In Refs [15-17] the fundamental theorem defined in the Truesdell-Toupin's
mathematical formalisms is considered as well as analyzed in the light of
Helmholtz's classical theorem of the deformable body kinematics. In this sense by
using Ragkovi¢'s considerations of the deformable body kinematics (see Refs. [5,
7, 8]), the vector of the pure rigid rotation of the oriented line element, with
infinitesimal length, for the small deformations is defined, as well as the vector of
the total relative deformation of the oriented line element from the referent
arbitrary point. For these defined vectors connected to the deformable body point
and oriented line element, the corresponding expressions expressed in the vector
form as well as by using covariant, contravariant and physical coordinates are
derived.

The Helmholtz's classical theorem of the deformable body kinematics is used
by Raskovi¢ (see Refs. [5, 7, 8]). In this sense by using Raskovic's consideration
of the deformable body kinematics, in the Refs. [7 and 8], the vector of pure rigid
rotation of the oriented line element for the small deformation, as well as the vector
of the pure total relative deformation of the oriented line element from the referent
arbitrary point of deformable body, are defined.

In the arbitrary point Nof the deformable body, the line element dr is oriented

by unit vector fi =g, where 2 (k = 1,2,3) are contravariant coordinates or
direction cosine in the generalized curvilinear coordinate system, and g*
contravariant basic coordinate vectors. For oriented line element dr we can write:

I Xt _ ar
dr:ndr:gkdx"zgkﬁdrz/lk .dr and a:n:ﬂkgk,
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where x* are generalized curvilinear coordinates at arbitrary point N of the

deformable body. Displacement vector §(xk) with their covariant coordinates

u; (Xk) is in the following form: S =u;§
Vector Sﬁ(N) of total reduced transformation of oriented line element, with

infinitesimal length, at arbitrary point N of the deformable body, from natural to
deformed body state, can be defined by following formula:

o def F i Al . _ ~
w08 g i kgl ds= &M
i drs‘gj[éxd—uil"jkj/l gl ds=o"dr (72)

This (72) introduced vector Sﬁ(N) of a total reduced transformation of oriented

line element, with infinitesimal length, at arbitrary point N of a deformable body
can be decomposed on two parts in the form:

~dfds  ds . d§ - - = -

o = % :%+ﬁ =G + O Sy =Siadr, ds,, =5 dr (73)

The first component Sn(rNoi in previous expression (73) corresponds to pure rotation

of an oriented line element at the point N around axis oriented by 5™ :%ro@, as

if the line element was rigid. And the second component 5™ in previous

fdef
expression (73) corresponds to pure deformation of the oriented line element -
deformation with normal strain -extension or compression and shear strain.
Relative angle change in relation of rigid rotate oriented line element.
Now, it can be written:
1* for the first vector component 5") which corresponds to pure rotation

around own rotation axis, as if the line element, with infinitesimal length, was rigid
(See Refs [7, 8] and Fig. 7.):

~ 1 .
580 :rjkﬂ'kgJ ZE(Sjk_Skj)ﬂkg] ol A

1 d'IJ' éuk
A X

]ﬂ-kgj = _rkjﬂ'jgk (74)
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s (N)
dS et

ds ()

firot

N(x,y,z)

Fig. 7 Graphical representation of the vector 5 corresponds to pure rotation of the

line element and the angle ¢ of own rotation of the observed oriented line element by
unit vector [ at arbitrary point N of the deformable body.

2* for the second vector component &) which corresponds to total pure

relative deformation with two types of deformation: normal strain - extension or
compression strain and shearing strain - change of direction angle of the oriented
line element, with infinitesimal length, in relation to the other deformable body
line elements or in relation to the orthogonal plane of the deviational plane of the
observed oriented line element:

\: Formatted: Figure, Left
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- 1 1A A : : )
(N) _ ki _ ki _ i ki _ ~k

S0 =g, A4g) _E(sjk +5, )09’ _2(&; +o —2uirjk]ﬂ §'=5,4'g" (75)
Now, let us prove that the first vector 5™ corresponds to pure rotation of the

frot

line element as if it was rigid. For that reason, it needs to be proven that it is:
5m =%[rot§, fi)=[3™,f] (76)

firot

Angle @, the angle of own rotation of the observed oriented line element, as if it

was rigid, as well as of the other line elements with other orientation drown from
the same observed deformable body point, is defined by the following expression:

1 1 a, A,
M = Zrots ==l S _ I 1§ = ' §. (77)
(p 2 2 [0,}(] d(k ]g| (p g|
Axis orientation of the own rotation of the observed line element, as if it was rigid,
as well as of the other line elements with other orientation drawn from the same
observed deformable body point, is defined by the previous vector.

Figure 6 shows the line element dr, oriented by unit vector A and own
axis of rotation oriented by vector 4™ connected at observed point N, as well as
the corresponding vector 5 of relative rotations as if it was rigid.

firot

Fundamental theorem: Transformation of any oriented line element, with
infinitesimal length, drown from any arbitrary deformable body point from natural
undeformable state to deformable state configuration may be regarded as a result
of translation of the line element, as if it was rigid, a rotation around proper own
rotation axis for this point, as if the line element was rigid (rigid rotation around
own rotation axis for done point), and of a pure deformation of line deformable
element which is composed of two parts: the first part is normal strain as a
extension-dilatation or compression-dilatation and the second is shearing strain as
a change of direction angle from direction of pure rotation as if the line element
was rigid (see Refs [5, 7, 8, 15-17]).

Fundamental theorem of transformation of a deformable sphere to
ellipsoid: Transformation of any elementary deformable sphere, composed from
line elements, with infinitesimal length, drown around any arbitrary deformable
body point from natural undeformable state to deformable state configuration may
be regarded as a result of transformation to ellipsoid in the following way: a
translation of the elementary sphere as if it was rigid, a rotation of the elementary
sphere around proper rotation axis for this point, as if it was a rigid elementary
sphere (rigid rotation around own rotation axis for done point), and a pure
deformation of elementary sphere into ellipsoid. Pure deformation of the line
deformable elements which may be composed of two parts: first part is normal
strain as an extension-dilatation or compression-dilatation and shearing strain as a
change of direction angle from line element direction of pure rotation as if the line
element was rigid.
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The presented tensor-based formulations provide a unified description of
several classical problems in dynamics, elasticity, and continuum mechanics. The
use of vectors and tensors associated with arbitrary points and directions enables a
clearer interpretation of inertia, stress, and strain states. Such formulations offer
significant pedagogical and analytical advantages and reveal important analogies
between different mechanical models. (see Refs [11, 12, 19-22]).

4. BASIC ELEMENTS OF THE APPLICATION OF TENSOR CALCULUS IN FRACTURE MECHANICS

4.1. Energy quantity tensor

The energy rate tensor - (Energy rate tensor) - is defined at each point of the body using
the following expression (see References [23, 24, 25]):

P =W 8ji — oy (78)
where: W is the elastic potential of the body, while are the elements of the stress tensor oy
at the observed point of the stressed body, u; ; are the covariant derivatives of the covariant
coordinates of the displacement vectors § of the stressed and deformed body, and &;; are
Kronecker's delta symbols. The energy quantity tensor is also known by the name of J. D.
Eshelby (1956) as the Eshelby tensor. It can be shown how to derive an expression for the
energy tensor of a deformable body.

Therefore, for example, in the coordinate system x, y, z, the elastic potential W can be
determined using the expression:
1[(=» 85 N L 95
w=2{(Be52) + (5 3) + (75)] (79)
where: py, py, P, vectors of total stress for the coordinate plane at the observed point,
displacement vector s; or in form:

w = % [crxsx +0y&y + 0,8, + TuyVay + TazVaz + ryzyyz] (80)

The covariant derivatives of the covariant coordinates of the displacement vector u; ; of
the stressed and deformed body can be written in the form:

ou; k
uiy = 24— { (81)

where Fi}‘ = {ikj} is the Christoffel symbol of the second kind in the curvilinear coordinate

system xt.

The energy quantity tensor, also known by the name of J. D. Eshelby (1956) as the
Eshelby tensor, can be obtained starting from the Lagrangian of a particle of a deformable
body in the vicinity of some reference point:

L =E, —E, (82)
where: E, the kinetic energy of a particle whose displacement vector is § = u; '’ where are
the covariant coordinates u;, i = 1,2,3 of the displacement vector § = u;g?, and g the
basis vectors of the curvilinear coordinate system are x¢, and is equal to:

e =2p(3,3) = pitiys; (83)
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where p is the specific mass - the mass density of the body; E,, the potential energy of the
body particle for which we take the elastic potential of the body, which E;, = W we can
determine using the expression:

1[(» 85 N L 95
w =350+ (35) + (5L ®9
We can write the Lagrangian in the form:
L =~ piiy 6y — W (u;;) (85)

Let us now look for the derivative of that functional in the curvilinear generalized

coordinate x¢, so that we obtain:
dL _ 9L | dL oL oL

w = a a—uiui,j + a—ulul] + duik u,-_]-k (86)

If we introduce the assumption that these are quasi-static problems of stress in

deformable bodies and taking into account that:

0j; — pil; =0 (87)

we obtain that the derivative % can be written, using expression (86) and the previous

expression (87), in the form:
% = % - az_l;kui,jk (88)

Now using expression (86) for the Lagrangian, the equilibrium equations (88), as well

as Castigliano's formulas for the general case of the spatial state of stress of an elastic body:

ow
aui,j = O-ij (89)
We can write the derivation % in the form:

oL dL aw

30 = 2~ Ot = — o Ok + (o), (90)
We can write the derivation in the form:

oL a

E = _W(W 6jk - U,-kui_]-) (91)
We see that the expression in parentheses of the previous partial derivative (91):

Py =W Sy — oy (92)

What is the defined energy quantity tensor or Eshelby tensor. Expression (92) expressed
using the Eshelby tensor is simplified and reduced to the form:
L ﬂ _

o7 = "ok = Bk (93)
If the energy tensor is known, the elastic potential can be calculated as:
W= ﬂs P;n'x'dS (94)

where 7 = n'g; is the unit vector normal to the contour surface, and 7 = x/g; is the
position vector of the reference point of the body on the contour surface S of the body.

For the case of a three-dimensional state of stress and strain, the Eshelby energy tensor
is:

W —o;1u;y —Oi2Uj1 —0;3Uj1
P=| —0i1U; W —o;5u;, 03Uz (95)
—0;1U;3 —0iUiz W —0i3u3

or, in the form
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P =
W = (01111 + ptip s + 031u31)  —(012U11 + 025Uz 1 + 032Uz;) —(013us1 + 033Uz + O33134)
_((711u1,2 + 0y1Uz + 031u3,2) w— (012u1,2 + 053Uz + Uszus,z) _(0'13142,2 + 0y3U, + 0'33u3,z)
—(011711,3 + 031Uy 3 + 031u3,3) —(012u1_3 + 0uUy 3 + Uszus,z) w— (013u1,3 + 03Uy 3 + 033u3_3)
(96)

If we assume that the Lagrangian of a deformable, ideally elastic body does not
depend explicitly on time, we can prove that the following equation holds for the energy
density e:

% = (Uijui)’j 97)
where e is the total energy of a material particle of unit density of the material in the vicinity
of the reference point; a;;, are the elements of the stress tensor at the observed point of the
stressed body, and 1; are the covariant coordinates of the displacement vector § of the
stressed and deformed body. Also, we can show that for reversible processes, the change
in the internal energy of the system is equal to the increment of the work done by the
external forces £ = A.

4.2 Energy density — (energy density)

Energy density — (energy density)- is the total energy of a material particle of unit
density and represents the sum of the kinetic and potential energies of a material particle
of unit density of the material in the vicinity of the reference point being marked (see Refs
[23, 24, 25-31]).

Let us show that for reversible processes the change in the internal energy of the system
is equal to the increment of the work of the external forces £ = A using the energy density
and the Lagrangian.

Using Euler’s equation for the specified potential, the Lagrangian L is obtained as
follows:

——————— =0. (98)

ou; otou; ox)ouy;
We have in mind that Castigliano’s formulas (89) and taking into account Helmholtz’s
theorem on the kinematics of a deformable body, i.e. that the motion of a body as a rigid
body has no effect on the Lagrangian of a deformable body, we can write the Navier
equations of the dynamics of a deformable body:

Ui]',j — pul =0 (99)

The total derivative of the Lagrangian is:

dL oL aL . oL .. oL .

E—E+a—uiui+a—uiui+%ui,j (100)
By inserting the expression for the Lagrangian of a deformable body into the previous total

derivative of the Lagrangian (100), we obtain:

1 ..
L= Epuiujﬁij - W(ui_j) (101)
and taking into account (89) and (99) we obtain:
L daL .o .
= @ Pl + oyt (102)

Bearing in mind that:
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C dE,
P =
dt (103)

as well as

oyl ; = (o'ijui)'j = 0y, = (Uijui)_j = Pkt (104)
from equation (102) we obtain:

oL dL dE, .

=Tk (aiju,v)']_ (105)

The total energy of a material particle is introduced, as the sum of the kinetic and
potential energy of a material particle of unit density of material in the vicinity of the
reference point, denoted by e:

e=E +11=E +E,=—(L—2E) (106)
and is called the energy density at a given point of the deformable body.
If it is assumed that the Lagrangian does not depend explicitly on time, then from (106) the
following equation is obtained for the energy density e:

%= (oy) (107)

If we multiply the energy density e by the elementary volume dV of the deformable
body, and then sum all these products over the body using the resulting equation (107), i.e.
by integrating it over the entire volume of the deformable body, we can obtain:

- a . . p

E= Efffvedv = fffv(aiju,-)'jdV = Jf, oymjidS = A (108)
From the last relation (108) it follows that for reversible processes the change in the internal
energy of the system is equal to the increment of the work of the external forces E = A.

When there are no thermal effects (108) represent the law of conservation of energy (the
first law of thermodynamics) (see Refs [32-41]):

5 INTEGRALS OF FRACTURE MECHANICS

We now turn to presenting the basic integrals of fracture mechanics, which are most
commonly used in the theory of fracture mechanics. We will list all three integrals of
fracture mechanics, J;, M, L;, i = 1,2,3, expressed using tensor calculus.

Integrals of Fracture Mechanics - are integrals defined by the conservation law and can
all be derived using the Eshelby energy tensor. The energy tensor is also known by the
name of J. D. Eshelby (1956) as the Eshelby tensor. We have shown in one of the
previously presented problems how to derive an expression for the energy tensor of a
deformable body. Here we use a ready-made expression (78), (95) or (96) for the energy
rate tensor, which is defined at each point of the body (see Refs [23- 25, 32-36, 40]). Thus,
using the Eshelby energy quantity tensor P;;, we define three integrals of fracture
mechanics: J;, M, L;, i =1,2,3 as follows:

o

Ji = [, Pyn/ds (109)
M = ff,(Pyxt = 1ot nids (110)
L; = ¢y [, (Pl = 2ofu¥)nids (111)

The first of the defined integrals (109) is defined as a stressed deformable body in space.
When we define it in the plane along a closed contour, it allows us to define the J integral,
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as derived by J. C. Rice. It should be emphasized that the J integral was used before Rice
by Eshelby (1956), Sanders (1960), and Cherepanov (1968).

For a plane problem, the elastic potential or internal energy of a body can be defined in the
form:

W = [ oy;(e)de' = W (eqp) (112)
For closed contours, we also define the integral L and this integral is:
1= 1 (W 8, = oy Jnidx* = 0 (113)

which vanishes (see Ref. [32]). The integrals and elastic potential written in this way do
not contain material constants or assumptions about the relationship between the stress and
deformation states of a stressed body, so as such they can be used to determine the internal
energy of deformed bodies for cases when they are elastically, elastoplastically or
plastically deformed. The same applies to linear and nonlinear laws of the relationship
between stress and strain states.
If the contour I' - line is closed, then the previous integral (113) is written in the following
form of the J integral:

J = (W & — oyeuyj)nfdx® = [ (W d x* — oyeuy i ds) # 0 (114)
and this J integral is independent of the path (see Refs [42-44]).
It is especially important to calculate this J integral around the crack tip. And it, the J
integral, for the two-dimensional stress state reduces to:

J = [(W & — oyeuyj)ntdx* = [ (Wdx? — oyeuymids) = [[(Wdx?) #0
(115)
and represents the average value of the internal energy of the body.

The J integral represents the negative derivative of the potential energy with respect to
the length of the crack. Since the negative derivative of the potential energy with respect
to the generalized coordinate represents the generalized force, it can be concluded that the
J integral represents the generalized force on the change in the length of the crack.

The M integral does not depend on the surface of integration in the case of a three-
dimensional body stress problem and is equal to zero for any closed surface that does not
contain a singularity. Using the M integral, it is possible, in some cases, to determine the
stress intensity factor (for example, for a semi-infinite crack).

5. FINAL CONSIDERATIONS

This paper has presented selected applications of tensor calculus in three important
areas of mechanics: point mechanics, elasticity theory, and fracture mechanics. The tensor
formulation of fundamental mechanical quantities, including velocity, acceleration, inertial
force, stress, strain, and energy-related quantities, demonstrates the advantages of
coordinate-independent mathematical descriptions and provides a unified framework for
the analysis of mechanical systems.

The presented formulations highlight the role of covariant and contravariant quantities
in generalized curvilinear coordinate systems and illustrate their importance in both
theoretical developments and engineering applications. Particular attention has been
devoted to the kinematics of deformable bodies, the representation of stress and strain
states, and the tensor interpretation of fundamental fracture-mechanics integrals.
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Although modern computational software enables the efficient analysis of highly
complex structures, a solid understanding of the tensor foundations of mechanics remains
essential for the correct interpretation of numerical results and for the development of
advanced theoretical models.

The author hopes that this concise overview will encourage further studies and
applications of tensor calculus in mechanics, especially among younger researchers and
graduate students working in mechanics, applied mathematics, and engineering sciences.
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