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Abstract. This paper discusses fully developed flow and heat transfer of a nanofluid in
a vertical channel through a porous medium, for which the Darcy model is used. The
channel walls are vertical plates at different constant temperatures. The externally
applied magnetic field is homogeneous, perpendicular to the channel walls, and moving
at constant velocity in the direction of primary nanofluid flow. The external electric
field is homogeneous and perpendicular to the vertical longitudinal plane of the
channel. Nanofluid velocity and temperature distributions for different values of the
introduced physical parameters were determined and shown graphically. The obtained
results were analyzed, emphasizing the possibilities of nanofluid flow and heat transfer
control.
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1. INTRODUCTION

From the engineering, industrial, and biomedical perspective, nanofluid flow and heat
transfer in a magnetic environment is considered a new area of research. Extensive
research in this area began near the end of the 20" century and the publication of a study
by Choi [1]. The research area remains current to date, as evidenced by the publications
by Kasaein et al. [2] and Khanafer and Vafai [3]. Both studies provide detailed reviews of
simultaneous use of nanofluids and porous media in order to improve heat transfer.
Studies by Aaiza et al. [4] and Khan and Alqahtani [5] considered the unsteady
magnetohydrodynamic (MHD) flow and heat transfer in a vertical channel through a
porous medium with heat radiation. The former focused on impermeable and the latter on
permeable channel walls. The former study also discussed three cases of channel wall
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movement. Nikodijevi¢ et al. [6] investigated the unsteady MHD flow and heat transfer
in a horizontal channel saturated with a porous medium. The channel walls consisted of
isothermal permeable parallel plates. The applied magnetic field was homogeneous and
inclined in relation to the channel walls. Basic equations were transformed into their
dimensionless forms and solved using the perturbation method. Lima et al. [7] performed
a numerical analysis of the fully developed steady MHD flow and heat transfer of two
immiscible fluids in an inclined channel with parallel plates as channel walls. They
analyzed the effects of buoyancy, moving plates, porous layers, the inclined magnetic
field, Joule heating and viscous dissipation, and heat generation/absorption. Raj and Rao
[8] studied the unsteady electromagnetohydrodynamic (EMHD) flow and heat transfer of
two immiscible fluids in a horizontal channel with impermeable plates, influenced by the
Hall current and the Coriolis force. Petrovi¢ et al. [9] investigated the EMHD flow and
heat transfer of two immiscible fluids in a horizontal channel whose fluid regions were
saturated with different porous media. The applied magnetic field was inclined in relation
to the channel walls. They analyzed the influence of introduced physical parameters on
velocity and temperature distributions. Umavathi and Beg [10] explored the reactive flow
and heat transfer in a vertical channel saturated with a non-Darcy porous medium. Using
the Robin boundary conditions, they analyzed a homogeneous first-order chemical
reaction. Makinde and Eegunjobi [11] studied the simultaneous effects of heat radiation,
buoyancy force, thermophoresis, and Brownian motion on energy generation during the
couple stress nanofluid MHD flow through a vertical permeable channel. They
determined that entropy generation can be efficiently minimized by regulating the values
of physical parameters. Umavathi and Sheremet [12] investigated mixed convection in
three vertical fluid layers, the middle layer filled with a clear fluid and the end layers,
saturated with a porous medium, filled with a nanofluid. They used the Darcy model for
the porous medium and the perturbation method for solving the basic equations, which
were transformed into their dimensionless forms. Manjeet and Sharma [13] analyzed the
MHD flow and heat convection of two immiscible fluids in a permeable horizontal
channel. The bottom layer contained a nanofluid (H20-Ag) and the top layer contained a
Newtonian fluid. Using the finite difference method, they determined velocity and
temperature profiles, the skin friction coefficient, and the Nusselt number. Roja and
Gireesha [14] numerically analyzed the influence of ionic Hall effect on couple stress
nanofluid flow through an inclined microchannel subjected to hydraulic slip, convective
boundary conditions, heat generation/absorption, and heat radiation. Mehta et al. [15]
explored the effects of heat radiation, generation, and absorption on the unsteady mixed
convection MHD nanofluid flow in a vertical channel saturated with a porous medium.
Water was used as the base fluid and Ag and Al,Os as the nanoparticles. Umavathi and
Oztop [16] presented a numerical simulation analyzing the effects of electric and
magnetic fields on nanofluid flow and heat transfer in a vertical channel. The left and the
right channel wall temperatures were different but constant. Bhaskar and Venteswarlu
[17] investigated the effects of heat generation and radiation on the fully developed
natural convective MHD flow in a vertical microporous channel. The reference equations
of the problem were transformed into their dimensionless forms and solved using the
perturbation method. Das et al. [18] studied the influence of the Hall effect on the
unsteady MHD flow and heat transfer of a Casson nanofluid (Ag-EG) in a vertical
permeable channel, which was saturated with a porous medium according to the Darcy
model.
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The authors of the present study reviewed many available studies concerning fluid
flow and heat transfer and did not find any study that analyzes the influence of a moving
magnetic field on fluid flow and heat transfer. The authors believe that such a study could
be useful in industry, biomedicine, and other areas of application. Accordingly, this paper
investigates the fully developed nanofluid EMHD flow and heat transfer in a vertical
channel. The channel walls consist of impermeable, non-conductive, and isothermal
parallel plates. The channel is saturated with a Darcian porous medium. The externally
applied electric field is homogeneous and perpendicular to the primary flow direction and
the longitudinal plane of the channel. The externally applied magnetic field is
homogeneous, perpendicular to the channel walls, and moving at constant velocity in the
direction of the primary flow. Special attention is given to the use of the introduced
electromagnetic parameters and magnetic field movement for managing nanofluid flow
and heat transfer in a vertical channel saturated with a porous medium.

2. MATHEMATICAL FORMULATION

This paper focuses on a fully developed nanofluid EMHD flow and heat transfer in a
vertical channel, whose physical configuration with the selected coordinate system is
shown in Figure 1. The channel walls are impermeable and non-conductive vertical
parallel plates at distance /4 from each other. The left channel wall is at constant
temperature Ty, and the right at Ty (Twi>Tw2). The external homogeneous magnetic
field has induction B along the direction of the y-axis, and it moves at constant velocity uy
in the direction of the x-axis. The external homogeneous electric field £ follows the
direction of the z-axis. The nanofluid flows at velocity u in the direction of the x-axis
under the influence of buoyancy force and constant pressure gradient P;=-Op/0x. The
channel is saturated with a Darcian porous medium of permeability Ky. The fluid
temperature in the channel is 7.

Momentum and energy equations and boundary conditions that describe this flow and
heat transfer have the following forms, respectively [12], [19]:

d? n
Po+ tng oy = it = Boug [E + (u = u0)B] = g (0B (T = T2) = 0
dzT du\?  up
knfd_yz"‘#nf (g) +K—0fu2 + 0 [E+ (u—1uy)B]> =0 €))

w(0) = 0,u(h) = 0,T(0) = T,,, T(h) = T,,.
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© porous matrix
e nano particles

Nanofluid properties, namely density, dynamic viscosity, coefficient of thermal
expansion, electroconductivity, and thermal conductivity are given in the following
classical expressions [18]:

Pnf = Q1P Mnr =M s, (pB)ny = az(pB)
o-nf = (plaf'knf = (kafl a; = '}’(1, p)'aZ = 'P(P: ﬁ)

m=(1=$)"%,01 = X(0), 02 = X(k), @
1/)({'77) = 1—¢)+¢%

2(1-¢)X p+(1+2¢)Xs

X(X) = @+ X +(1-$)X;

where subscripts f, s, and nf denote the base fluid, the nanoparticles, and the nanofluid,
respectively, while ¢ denotes the volume fraction of the nanoparticles.

Before system of equations (1) is solved, it needs to be transformed into its dimensionless
form. To that end, dimensionless quantities are introduced by the following expressions:

€)

where U is the characteristic velocity to be selected later in the paper. Using
dimensionless quantities (3), system of equations (1) is transformed into the following
dimensionless system of equations with the corresponding dimensionless boundary
conditions:

* y * u — T_TWZ
y __lu __’0 -
h U Tw1—Tw2

2
Z—yz;—wzu+aM9=R1

a6 | Br [faw\? 2 _
St [(5) + wu? + 2Ru + R,| =0, (4)

u(0) = 0,u(1) = 0,0(0) = 0,6(1) = 1,



68 JELENA PETROVIC, MILICA NIKODIJEVIC PORDEVIC, MILOS KOCIC, ZIVOJIN
STAMENKOVIC, JASMINA BOGDANOVIC JOVANOVIC, MILOS JOVANOVIC

where the asterisk symbol * is omitted for the sake of brevity, but it is hereinafter implied
that the quantities are dimensionless, with the following notation:

(pB)ph?
Uﬂf; (Twl - TWZ)

hZ
a =ma,, P =P1U—W,M=g

w? = A+ meHa?,d = %,R =me,Ha*(K — d),

2
Ry=R—-mP,R, =R(K —d),A=" K == (5)

o BU

o u?
Ha=Bh |2 pr=%_"__
Ky kf Tw1=Tw2

where A4 — porosity factor, K — external power factor, Ha — Hartmann number, Br —
Brinkman number, and d — dimensionless velocity of the magnetic field.

3. SOLUTIONS

The next step is to solve system of equations (4), for which the perturbation method is
used. Accordingly, velocity and temperature solutions are assumed to have the following
representations:

(u, 6) = (uOl 60) + Br(uli 01) + e (6)

where the Brinkman number is taken as the perturbation parameter, because, as previous
research has shown, its value is low in the majority of practical problems.

By substituting representations (6) in system of equations and boundary conditions (4)
and by separating the expressions next to the zeroth and first degree of the Brinkmann
number, the zeroth order system of equations and zeroth order boundary conditions are

expressed as follows:
d?ug d?6
dy? dy?

e (0) = 0,u,(1) = 0,6,(0) = 0,8,(1) = 1. (7)

w?+aM, =Ry,

=0,

The first order system of equations and the first order boundary conditions have the
following forms:

2
‘fiy“; — w?u, + aM, = 0,
aze, | 1 %)2 2 _
e [( )+ wuf + 2Rug + Ry | = 0, (8)

u,(0) = 0,u,(1) = 0,6,(0) = 0,6,(1) = 0.

First, system (7) is solved using the usual procedure for solving regular differential
equations, resulting in the following representations:

90(}’) =Y
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M R
uo(y) = Dyexp(wy) + Dyexp(~wy) + 5y ——. ©)
Finally, system (8) is solved, resulting in the following representations:
0:() = — [} Dexp(2wy) + 3 Diexp(=2wy) + (Rs + Ryy)exp(wy) +
(Rs + Rey)exp(—wy) + R7y* + Rgy® + Roy* + C3y + C4]

u; (¥) = (D3 + Ryzy + Rizy?exp(wy) + (Dy + Ry,y + Risy?exp(—wy) +
Rypexp(wy) + Ry1exp(—2wy) + Rigy* + R17y> + Rigy® + Rigy + Ryo. (10)

where the integration constants are expressed as:

= —(D1 +D2)+ Ry +Rs — —D1 exp(Rw) — —D2 exp(—2w) — (R; + Ry)exp(w) —
(Rs + Ré)exp( ) —R; —Rg — Ry, Dy = Ry; — Ds. (11)

and the following notation is used for brevity:

2Dy 2MaD,
Ry =22(R—R,—20) R, =22
_ 2D, 1 a*M?
Rs=22(R—-R,+%%),R e
5 1 7= 12 w2’
_laM 1SD1 15D}
Rg = ‘_(R R, Ry == JRyp = 6 w2’
1(a?M? | R? 2RR1 2MaD,
Ry =3 (Tt ik - +R2) Re =—0r
1.R 1. 20Rs+R aM
R13 :_S_4,R14 = S# S = (12)
4 4- w me»
_ Ry _ Rg _ 12R;+w?Rg
Rlﬁ —_ _SE,R17 —_ _Sﬁ, R18 —_ _S w4
_ 6Rg+w?C3 _ «2wR3—Ry4
R19 —_ _S —(;J4 ) Rlz —_ 5—4-0)2 y

1.R
Ry1 = —Ryg — Ry1 — Ry0, Rys = _Zsf'

24R7+2w?%Ro+w*Cy
0)6

Ry = =S

Ry = —Rypexp(2w) — Riexp(—2w) — (R + Ryz)exp(w) — (Ryy + Rys)exp(—w) —
Rig — Ry7 — Rig — Ri9 — Ry

4. RESULTS AND ANALYSIS

The previous section determined the analytical explicit expressions for the nanofluid
flow velocity and temperature distribution in the channel. These expressions also depend
on the introduced physical parameters that are characteristic of the analyzed problem. To
determine the effect of the parameters on the distributions, this section presents the
results in the case of the water-copper nanofluid. Characteristic velocity was selected
such that quantity M is the Grashof number (Gr). The applied values of water-copper
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physical properties are given in Table 1. For simpler and clearer analysis, the velocity and
temperature distributions are presented graphically in the figures below.

Table 1 Physical properties

Physical properties p (kg/m3)  k (W/(Km)) 6 (S/m) u (Pas) B(1/k)
H20 997.1 0.613 5.5-10° 0.001 4179
Cu 8933 401 59.6-10° - 385

Figs. 2 and 3 show velocity and temperature distributions, respectively, for the water-
copper nanofluid and for different Hartmann numbers. According to Fig. 2, higher
Hartmann numbers increase nanofluid velocities in the channel and the shear stress on the
channel walls. A flattening of the velocity profile is also observed. The increase in
velocity is due to the increased Lorentz force, which in this case acts as the active force.
Fig. 3 shows that higher Hartmann numbers increase nanofluid temperatures in the
channel. For Ha=2.5, temperature distribution is the closest to the distribution of
conductive heat transfer. For Ha=2.5 and Ha=5, heat is transferred from the right wall to
the nanofluid, whereas for Ha=10, heat is transferred from the nanofluid to the wall.
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Fig. 2 Velocity distributions for different Ha values
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Fig. 3 Temperature distributions for different Ha values

Figs. 4 and 5 show velocity and temperature distributions for different porosity factors,
respectively. Fig. 4 shows that higher porosity factors reduce nanofluid velocity in the
channel, reduce shear stress on the channel walls, and flatten the velocity profile. This is
due to the higher intensity of the porous matrix resistance force in the channel. Fig. 5
shows that higher porosity factors correspond to higher nanofluid temperatures. For all
temperature distributions shown in the figure, heat is transferred from the right wall to the
nanofluid. The temperature increases because the energy to overcome the fluid flow
resistance force in the porous matrix increases and is transformed into thermal energy.
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Fig. 5 Temperature distributions for different A values

Figs. 6 and 7 show velocity and temperature distributions for different nanoparticle
volume fractions, respectively. The figures indicate that that the increase in nanoparticle
volume fraction, i.e., increased concentration of solid substance in the fluid, reduces the
nanofluid’s flow velocity and temperature.
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Fig. 6 Velocity distributions for different ¢ values
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Fig. 7 Temperature distributions for different ¢ values

Figs. 8 and 9 show velocity and temperature distributions for different Brinkman
numbers, respectively. It is apparent that the increase in the Brinkman number increases
the nanofluid velocity and temperature. Higher Brinkman numbers correspond to lower
temperature differences between the channel walls, which in turn increases nanofluid
temperatures. The increase in nanofluid temperature then increases the intensity of the
buoyancy force, which accelerates the nanofluid flow. For all temperature distributions
shown in Fig. 9, heat is transferred from the right wall to the nanofluid.
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Fig. 8 Velocity distributions for different Br values
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Fig. 9 Temperature distributions for different Br values

Figs. 10 and 11 show velocity and temperature distributions for different external
magnetic field dimensionless velocities, respectively. Higher velocities of the external
magnetic field increase nanofluid velocities and temperatures. In this case, higher
magnetic field velocity increases the intensity of the Lorentz force, which in turn
accelerates the nanofluid flow. At the same time, it increases Joule heating, which
increases the nanofluid temperature. For all temperature distributions shown in Fig. 11,
heat is transferred from the right channel wall to the nanofluid.
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Fig. 10 Velocity distributions for different d values
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Fig. 11 Temperature distributions for different d values

Figs. 12 and 13 show velocity and temperature distributions for different external
power factors, respectively. Evidently, changing the K values will also change the
nanofluid flow velocity magnitude and direction. For K=0, heat transfer in the channel is
usually conductive, while the heat is transferred from the right wall to the nanofluid for
all three temperature profiles. Temperature distributions for K=+1 differ only slightly.
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76 JELENA PETROVIC, MILICA NIKODIJEVIC PORDEVIC, MILOS KOCIC, ZIVOJIN
STAMENKOVIC, JASMINA BOGDANOVIC JOVANOVIC, MILOS JOVANOVIC

1.0
0.94

0.84 I

1 '
074 -
4 e
0.6 o
0.5 ] "
o ] > ’
0.4 -
1 g
034 L2
] e
7
024 i
1 4
01q A~ Br=0.1; $=0.02; P=1; Gr=5;A=5:d=0.1
0.0 T T T T
0.0 02 0.4 0.6 0.8 1.0

¥

Fig. 13 Temperature distributions for different K values

Figs. 14 and 15 show velocity and temperature distributions for different Grashof
numbers, respectively. Analysis of velocity distributions in Fig. 14 indicates that higher
Grashof numbers correspond to higher nanofluid velocities and higher shear stresses on
the channel walls. Velocity is increased by the increase in buoyancy force intensity. Fig.
15 shows that the temperature distributions differ only slightly and that heat is transferred
from the right wall to the nanofluid in all three cases.
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Fig. 15 Temperature distributions for different Gr values

5. CONCLUSION

This paper discussed the flow and heat transfer of a nanofluid in the channel consisting
of two parallel vertical plates. The channel was saturated with a porous medium and the
plates were at different constant temperatures. The nanofluid was influenced by an
external electric field and an external moving magnetic field. Analytical expressions were
determined for nanofluid velocity and temperature distributions in relation to multiple
introduced physical parameters. A portion of the obtained results were presented
graphically and the effects of the introduced physical parameters on the nanofluid flow
and heat transfer were analyzed.

According to the results, it was concluded that a higher Hartmann number increases the
nanofluid’s flow velocity as well as its temperature. Higher porosity factor decreases the
nanofluid’s velocity but increases its temperature. Higher nanoparticle volume fraction
decreases both the velocity and the temperature of the nanofluid. A higher Grashof
number increases the flow velocity and only slightly affects temperature distribution. A
higher Brinkman number increases nanofluid velocity as well as temperature. Higher
external magnetic field velocity increases both the velocity and the temperature of the
nanofluid. Finally, changes in the external power factor will also change the nanofluid’s
flow velocity magnitude as well as its direction and temperature. This indicates that each
of the introduced physical parameters can be used to manage nanofluid MHD flow and
heat transfer in a vertical channel.
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