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Abstract. This numerical research examines the cooling of a hot obstacle within a 
rectangular cavity containing water-copper oxide nanofluid. This cavity has an inlet 
and outlet, and the cold nanofluid comes from the left side of the cavity and goes out 
from the opposite side, after cooling the hot obstacle. All walls of the cavity are 
insulated and the SIMPLER algorithm is employed for solving the governing 
equations. The effect of different parameters such as nanoparticle volume fraction, 
Reynolds number, and Hartmann number is investigated. The results show that with an 
increase in the Reynolds number, the isothermal lines become more compact and the 
dimensions of the cold zone near the inlet increase. This phenomenon causes the 
isothermal lines to be closer to the hot barrier and the temperature gradient, and as a 
result the heat transfer of the hot barrier increases. 
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1. INTRODUCTION 

Since conventional fluids have low thermal conductivity, they limit the rate of heat 
transfer in industry. Therefore, to increase heat transfer, nanofluids, i.e., dilute 
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suspensions of nanoparticles in liquids, can be introduced as a practical approach. Many 
studies have been conducted to extract empirical models for nanofluids and use them in 
practical examples in nature and industry. In addition, the introduction of some nanofluid 
applications in cooling systems is a recent and intriguing research topic that has attracted 
the attention of various researchers [1-5]. 

Wang et al. [6] numerically investigated the fluid flow and heat transfer of water-
copper oxide nanofluid in a square cavity. The horizontal walls were insulated and the left 
and right walls were hot and cold, respectively. According to their results, when the effect 
of Brownian motion is taken into account, the average Nusselt number increases with 
increasing volume fraction. Haddad et al. [7] numerically investigated the effects of 
Brownian motion in natural convection heat transfer. They conducted a study for water-
copper oxide nanofluid in a chamber whose upper and lower walls were cold and hot, 
respectively. Based on their results, the amount of heat transfer increases in all volume 
fractions, and of course, this increase effect is more noticeable in low volume fractions. 
Sharma et al. [8] numerically investigated the forced convection heat transfer of water-
alumina nanofluid at low volume fractions in a channel whose walls were heated. 
According to their results, the average Nusselt number increases in terms of volume 
fraction of nanoparticles and decreases with the increase in the aspect ratio which was 
defined as the ratio of width to height. Aghaei et al. [9] considered a trapezoidal enclosure 
and investigated the velocity field and temperature distribution in such an enclosure using 
the finite volume method. The working fluid was water accompanied by copper 
nanoparticles, which led the authors to consider the magnetic field in the enclosure. They 
found that the nanoparticle volume fraction has a direct effect on increasing the Nusselt 
number and entropy generation, while the behavior is reversed for the Hartmann number. 
In another numerical simulation, Abbaszadeh et al. [10] used the KKL model for the 
CuO-water nanofluid in order to consider the effects of Brownian motions of 
nanoparticles. The algorithm which they used was SIMPLER with the aim of finite 
volume method in order to solve the set of Navier-Stokes equations (for obtaining the 
flow field) and energy equation (for measuring the temperature field). As their problem 
geometry was a parallel plate microchannel, they considered the slip boundary condition 
in their walls and the magnetic field effects is reflected in their study by the Hartmann 
number. They showed that increasing the inertia force of fluid, the nanoparticle density 
and magnetic field effect increase total entropy production and average Nusselt number. 
In another study, Ababaei et al. [11] used the FVM numerical method with the goal of 
finding the optimum location of the impediments to increase the heat transfer rate inside a 
microchannel. In their study, the working nanofluid was Al2O3-water whose 
characteristics were obtained by Khanafer and Vafaei’s [12] model that is a variable 
properties model. Again, they corroborated the fact that increasing the momentum of the 
nanofluid will result in the enhancement of the heat transfer inside the microchannel. 
Therefore, it would be beneficial if we keep the Reynolds number high enough to 
augment the Nusselt number. For the same reason, the total entropy generation would be 
increased. Recently, Hashim et al. [13] studied the enhancement of Al2O3-water heat 
transfer inside a wavy cavity using a finite element numerical method. They performed 
partial heating from the bottom wall while the wavy walls were isothermal and the top 
wall was insulated. They used different types of oscillations for the wavy walls to find the 
optimal case in terms of the Nusselt number increase. They showed that nanoparticles 
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caused an increase in the heat transfer rate inside the cavity. This review of the literature 
makes it clear that the problem of cooling a hot square-shaped obstacle inside an 
enclosure has not received significant attention. Therefore, the main objective of the 
present study is to numerically analyze the cooling of a hot barrier while the magnetic 
field effects are reflected in the enclosure. The walls of the enclosure are insulated and the 
effects of fluid inertia, magnetic field strength, volume fraction of nanoparticles and outlet 
location on the heat transfer rate were investigated. This study was done for Re=1-100, 
Ha=0-40 and Φ=0-4%. 

2. RESEARCH METHODOLOGY 

The geometry of the enclosure is shown in Fig. 1. The size of the model of this 
research is as similar as possible to the dimensions of the models of other research 
projects [14]. The cold nanofluid (Tc=308K) enters from the left side and after cooling the 
hot impediment (Th=372K), it goes out off the opposite site. All of the enclosure walls are 
insulated and the ratio of the length to width of the enclosure is two. The working 
nanofluid is MHD CuO-water nanofluid (Table 1). The Navier-Stokes equations 
accompanied by energy equations for laminar and forced convection of the nanofluid flow 
are given by: 

 

Fig. 1 Geometry and boundary conditions (dimensionless) 

Table 1 Thermo-physical properties of water as base fluid and CuO nanoparticles [15]  

 
ρ 

(kg/m3) 
cp 

(J/kgK) 
k 

(W/mK) 
dup 

(nm) 
β 

(K-1) 
σ 

(S/m) 
μ 

(Ns/m2) 

pure water 997.1 4179 0.613 -- 2.1×10-4 0.05 0.001003 

CuO 6500 540 18 29 1.8×10-5 5×107 -- 

     0nf nfu v
x y
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In these equations, u and v are the horizontal and vertical components of velocity, p is 
the pressure, T is the temperature, nf is the nanofluid density, nf nf nf    is the 

kinematic viscosity of the nanofluid,  nf nf p nf
k c  is the thermal diffusion 

coefficient of the nanofluid, and pc is the heat capacity of the nanofluid at constant  

pressure. The dimensionless parameters for casting the mentioned equations into the non-
dimensional form are as follows [16]: 
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The Reynolds, Hartmann and Prandtl numbers are defined, respectively, as: 

 0Re , , Pr  bf bf

bf bf bf

vuL
Ha B L

v


 

 (10) 

The properties of the nanofluid including density, heat capacity, volume expansion 
coefficient, diffusion coefficient are obtained as follows [17]: 

  1  nf bf s     (11) 
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       1  p p pnf bf s
c c c      (12) 

       1  
nf bf s

      (13) 

  nf nf p nf
k c   (14) 

In the Maxwell-Brinkman model, viscosity [13] and thermal conductivity coefficient 
[15], which are only dependent on the volume fraction of nanoparticles, are obtained from 
equations (15) and (16). 
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In the Koo and Kleinstreuer model [18], the viscosity and the coefficient of thermal 
conductivity are dependent on temperature changes and the effect of Brownian motion. In 
these models, the viscosity and thermal conductivity coefficient are obtained from 
equations (17) and (18). The static part of viscosity and the coefficient of thermal 
conductivity are calculated from equations (15) and (16), and the Brownian part of the 
coefficient of thermal conductivity and viscosity are obtained from relations (15-18). 

 nf static Brownian     (17) 

 nf static Browniank k k   (18) 

Where  4
,5 10 , . Brownian f p bf s

s p

T
k c T

d

   


  

s and pd  (dp=29×10-9) are the density and radius of nanoparticles, respectively. For 

the water-copper oxide nanofluid, the   and   functions are experimentally estimated 

for the range 300<T(K)<325 [3]: 
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κ is the Boltzmann constant.  231.3807 10 J K  . Brownian  is also obtained 

from the following equation: 
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The local Nusselt number is: 
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where n is the normal direction from the hot obstacle. Thus, the average Nusselt 
number can be calculated by integrating Eq. (21) along the hot obstacle: 
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Effective electrical conductivity of the nanofluid was presented by Maxwell [19] as 
below: 
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The numerical method used in this study is called the SIMPLER algorithm and Finite 
Volume Method (FVM). In this method, initially, a fine grid should be defined over the 
problem domain and around each node, and then a volume is considered. Next, after 
integrating and discretizing equations, the PDEs are simplified. Then, with the help of 
line-by-line TDMA solver, the discretized equations are solved. In order to choose a 
suitable network that makes the results independent of the network, the parameters of the 
average Nusselt number for networks with different dimensions should be compared with 
each other until the change of the network dimensions does not show much change in 
those parameters (Table 2). 

Table 2 Average Nusselt number in Ha40, Re0 and 0.03  

Grid size Nuav Relative difference 

41×21 19.14 -- 

81×41 16.10 13.46 

161×81 16.38 1.74 

3. RESULTS AND DISCUSSIONS 

To validate the existing computer program used in this study, the results of Mahmoodi 
and Sebdani [20] are modeled with the current numerical program and their results are 
evaluated. The geometry of the Mahmoodi and Sebdani [20] is presented in Fig. 2. They 
investigated the problem of natural transfer of copper-water nanofluid inside a square 
enclosure with a square and insulating barrier in the center of the enclosure. 
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Fig. 2 The geometry of Mahmoodi and Sebdani [20] 

As it is clear from Table 3, a good agreement between the results of the present 
research and the numerical research results of Mahmoudi and Sebdani is present. 

Table 3 Comparison of average Nusselt number values on warm wall with Mahmoodi and 
Sebdani’s research [20] 

nanoparticle volume fraction 
average Nusselt number values 

difference percentage  
Mahmoodi and Sebdani Current study 

0.0  9.6762 9.7918 1.2 

0.05  10.2635 10.4046 1.3 

0.10  10.8658 10.9789 1.0 

 
Fig. 3 shows the changes of the horizontal component of the dimensionless velocity 

with respect to the vertical location in the central section of the enclosure at different 
Reynolds numbers and at Ha=20 and ϕ=4%.  

As the Reynolds number increases from 1 to 10, there is little change in the flow 
pattern because the magnetic forces strongly control the flow (Ha=20). By increasing the 
Reynolds number to 100, the flow pattern changes to a certain extent in such a way that 
the suppressive effect of the magnetic field is lost, and in the areas around the speed 
barrier, it passes the range of 0.3. 
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Fig. 3 Variations of the U component velocity with respect to the vertical location in the 
central section of the enclosure at different Reynolds numbers (Ha=20 and ϕ=4%) 

Fig. 4 shows the dimensionless temperature changes with respect to the horizontal and 
vertical location in the central section of the enclosure at different Reynolds numbers and 
at ϕ=20% and ϕ=4%. As can be seen from the figure, as the Reynolds number increases, 
the horizontal and vertical temperature gradient (slope of temperature changes relative to 
the location) on the hot barrier increases up to four times at X=0.2, X=0.8, Y=0.5 and 
Y=1.5. Correspondingly, heat transfer will increase as well.  

 

Fig. 4 Dimensionless temperature changes with respect to the (a) vertical location (b) 
horizontal location in the central section of the enclosure at different Reynolds numbers 

(Ha=20 and ϕ=4%) 

Fig. 5 shows the dimensionless temperature changes with respect to the horizontal and 
vertical location in the central section of the enclosure at different Hartmann numbers, 
Re=10 and ϕ=4%. On the left side, the temperature gradient barrier for the case where the 
Hartmann number is 40 is slightly more than 20 and then zero, because the slope of 
horizontal temperature changes is greater than in the other cases. This trend is reversed on 
the right side of the barrier and the temperature gradient for zero. Above the barrier, the 
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temperature gradient for the case where the Hartmann number is zero is slightly more than 
20 and then 40 because the slope of the vertical temperature changes since it is greater 
than in other cases. The Hartmann number is higher than in the other cases. The reason 
for this phenomenon is the heating of the fluid under the barrier after passing by it, which 
reduces the capacity to absorb and transfer heat. It should be noted that in general, the 
effects of the temperature gradient are more dominant on the left side of the barrier, 
because in all three Hartmann numbers, a steeper slope is seen there than on the right side 
of the barrier. 

 

Fig. 5 Dimensionless temperature changes with respect to the (a) vertical location (b) 
horizontal location in the central section of the enclosure in different Hartmann numbers 

(Re=10 and ϕ=4%) 

Fig. 6 shows the changes of the horizontal component of the dimensionless velocity 
relative to the vertical location in the central section of the chamber in different Hartmann 
numbers, Re=10 and ϕ=4%. In general, as the Hartmann number increases from 0 to 40, 
the current weakens in such a way that in the places where the speed is higher, by 
applying the magnetic field, the more strongly suppressed current finds a uniform shape 
by losing its parabolic form. The reason for this phenomenon is magnetic forces, which 

have a direct but negative relationship with the flow rate   2 ReHa U  . In this way, at 

the points where the horizontal speed is higher, the magnetic forces have a stronger 
weakening effect and the current loses its curved state. 
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Fig. 6 Variations of the U with respect to the vertical location in the central section of the 
enclosure in different Hartmann numbers (Re=10 and ϕ=4%) 

Fig. 7 shows the changes of the vertical component of the dimensionless velocity with 
respect to the horizontal location in the central section of the enclosure in different 
Hartmann numbers and Re=10 and ϕ=4%. 
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Fig. 7 Variations of the V with respect to the horizontal location in the central section of 
the chamber in different Hartmann numbers (Re=10 and ϕ=4%) 

In general, vertical velocities are lower compared to horizontal velocities. In addition, 
with the change of the magnetic field, not much change is observed in the pattern of 
vertical velocities because the magnetic field only affects the horizontal velocities and the 
term of the dimensionless magnetic force only appears in the horizontal momentum 
equation. 



 Numerical Simulation of MHD Nanofluid Natural Convection Heat Transfer in a Rectangular Enclosure ...53 

Fig. 8 shows the dimensionless temperature changes with respect to the horizontal and 
vertical location in the central section of the enclosure in different nanoparticle volume 
fractions and Ha=20 and Re=10.  

 

 

Fig. 8 Dimensionless temperature changes with respect to the (a) vertical location (b) 
horizontal location in the central section of the enclosure in different nanoparticle volume 

fractions (Ha=20 and Re=10) 

As can be seen from the figure, on the left side, the temperature gradient barrier for 
the case where ϕ=0% is slightly more than 2% and then 4%, because the slope of the 
horizontal temperature changes is greater than in the other cases. This process is also 
maintained on the right side of the barrier. The reason for this is that with the increase in 
volume fraction, the diffusion coefficient or thermal penetration (α) increases, as a result 
of which the thickness of the thermal boundary layer increases. Therefore, the temperature 
gradient will be lower for the nanofluid on the hot barrier. Also, it should be noted that in 
general the temperature gradient effects are more dominant on the left side of the barrier. 

 
Fig. 9 shows the changes of the U relative to the vertical location and V with respect 

to the horizontal location within the central section of the enclosure in different 
nanoparticle volume fractions and Ha=20 and Re=10. By changing the volume fraction of 
nanoparticles, no change in the flow pattern, vertical velocities and the overall shape of 
the flow is observed. The reason for this is the insignificant effect of nanoparticles on the 
viscosity of nanofluid, where the change of the volume fraction of nanoparticles does not 
affect the viscous properties of the flow, and as a result, its pattern. 
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Fig. 8 Variations of the (a) U with respect to the vertical location and (b) V with respect 
to the horizontal location in the central section of the enclosure in different nanoparticle 

volume fractions (Ha=20 and Re=10) 

4. CONCLUSIONS 

In this research, the SIMPLER algorithm and Finite Volume Method were 
employed to investigate the MHD effects on the flow structure and cooling of a 
hot barrier in the middle of a rectangular cavity containing water-copper oxide 
nanofluid. The cavity had an inlet and an outlet, the walls were insulated, the 
barrier in the middle of the cavity was warm and the effects of fluid inertia, 
magnetic field strength, and volume fraction of nanoparticles on the heat transfer 
rate were investigated. The simulation was performed for Re=1-100, Ha=0-40, 
and ϕ=0-4%. The results showed that: 
1. As the Reynolds number increased, the isothermal lines became more 

compact and the dimensions of the cold zone near the inlet increased. This 
phenomenon, which is caused by the strengthening of the flow with the 
increase of the Reynolds number, caused the isothermal lines to be closer to 
the hot barrier and the temperature gradient, and as a result the heat transfer 
of the hot barrier increased. 

2. By changing the volume fraction of nanoparticles, there was no change in the 
vertical velocities and the overall shape of the flow. The reason for this issue 
was the insignificant effect of nanoparticles on the viscosity of nanofluid, 
where the change of the volume fraction of nanoparticles did not affect the 
viscous properties of the flow, and as a result, its pattern. 
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